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PREFACE

HIS BOOK is based on lectures given annually in the
University of Cambridge and on a parallel course of in-

struction in Practical Astronomy at the Observatory. The recent
changes in the almanacs have, in many respects, affected the
position of the older textbooks as channels of information on
current practice, and the present work is intended to fill the
gap caused by modern developments. In addition to the time-
honoured problems of Spherical Astronomy, the book contains
the essential discussion of such important subjects as helio-
graphic co-ordinates, proper motions, determination of position
at sea, the use of photography in precise astronomical measure-
ments and the orbits of binary stars, all or most of which have
received little attention in works of this kind. In order to make
certain subjects as complete as possible, I have not hesitated to
cross the traditional frontiers of Spherical Astronomy. This is
specially the case as regards the spectroscopic determination of
radial velocity which is considered, the physical principles being
assumed, in relation to such problems as solar parallax, the solar
motion and the orbits of spectroscopic binary stars.

Throughout, only the simplest mathematical tools have been
used and considerable attention has been paid to the diagrams
illustrating the text. I have devoted the first chapter to the
proofs and numerical applications of the formulae of spherical
trigonometry which form the mathematical foundation of the
subsequent chapters. Although other formulae have been given
for reference, I have limited myself to the use of the basic
formulae only.

A writer of a textbook on Spherical Astronomy cannot avoid
a certain measure of detailed reference to the principal astro-
nomical instruments and, accordingly, general descriptions of
instruments have been given in the appropriate places, usually
with a simple discussion of the chief errors which must be taken
into account in actual observational work.

In numerical applications, the almanac for 1931 has been used.

As regards notation, I have usually followed the recommenda-
tions of the International Astronomical Union, but I have made
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several modifications when the avoidance of confusion or of
misconception seemed to me of greater importance than the rigid
adherence to the definite system proposed; for example, the
angle of stellar parallax has been denoted by II instead of the
usual symbol = which the student is apt to associate on most
mathematical occasions with the properties of the circle.

I have also followed the advice of the International Astro-
nomical Union [T'ransactions, vol. 111, p. 300 (1928)] as regards
the nomenclature of standard mean time, and throughout the
book @.c.T. (Greenwich Civil Time) denotes the mean time, for
the meridian of Greenwich, reckoned from midnight. (See also
footnote to p. 44 infra.) This is contrary to the present usage of
the British Nautical Almanac which, since 1925, has employed
the symbol ¢.M.T. in the sense in which ¢.c.T. has just been
described, notwithstanding the fact that previous to 1925 ¢.M.T.
universally signified the mean time reckoned from mean noon at
Greenwich. The latter I have denoted (also in accordance with
the recommendations of the 1.A.U.) by the letters ¢.M.A.T.
(Greenwich Mean Astronomical Time).

At the end of each chapter there is a collection of exercises
many of which have been taken, by permission, from the papers
set in the Mathematical Tripos at Cambridge and in the
examinations of London University and Cambridge Colleges;
several have also been taken from Ball’s Spherical Astronomy.

I have the pleasant duty of recording my indebtedness to
Professor W. E. Anderson, of Miami University, Oxford, Ohio,
U.S.A,, and to Mr M. J. Dean, B.A., Scholar of Trinity College,
Cambridge, who have read the whole of the manuscript with the
greatest care and removed many blemishes which might have
escaped less vigilant eyes. I am also grateful to Dr F. S. Hogg,
formerly of Amherst Observatory, Mass., U.S.A., who has read
critically about half of the book, and to Dr L. J. Comrie, Super-
intendent of the Nautical Almanac Office, for helpful suggestions
in the chapter on Occultations and Eclipses.

It is also a pleasure to express my thanks to the officials and
staff of the University Press for their courtesy and care during

the printing of the book.
W. M. S.

OBSERVATORY, CAMBRIDGRE
1931 January 1



PREFACE TO THE SIXTH EDITION

SINC E this book was first published there have been consider-
able changes in the terminology and the quantities tabulated
in the Astronomical Ephemeris and other almanacs. In making
this revision I have felt that it is important to recognise these
changes and to ensure compatibility of the book with the
Astronomical Ephemeris. While 1 hope that this has been
generally achieved, slight differences do remain in the treatment
of solar eclipses and in the definition of the Besselian Day
Numbers for annual aberration.

Without doubt the most important change in the almanacs
has been the introduction of Ephemeris Time. As it is this time
that is used as the argument in almost all tabulation in the
almanacs, it clearly requires an important place and adequate
description in an introductory text such as this. Accordingly I
have made substantial revision to the chapter on Time in
stressing the distinction between Ephemeris and Universal
Time. A difficulty arose, however, in connection with the exposi-
tion of this distinction. Professor Smart had used the term,
mean sun, to define Universal Time. The mean sun is a wholly
fictitious body that was introduced to define solar time long
before the distinction, that we are concerned with, was recog-
nised. Newcomb called it the fictitious mean sun and gave it a
very precise and formal definition. Newcomb’s work naturally
related to the subsequent definition of Ephemeris Time and so
I have retained, his term, the fictitious mean sun, as a reference
point for Ephemeris Time. For continuity, I have also retained
Smart’s use of the term, mean sun, as a reference point for
Universal Time. I hope that this dichotomy, which is not stan-
dard usage, will not lead to confusion in practice. It is not
intended to imply that only one of the reference points is
fictitious; both are.

I have taken the opportunity of adding a number of exercises
at the end of several chapters. Some of these are taken, by
Permission from recent examination papers of Glasgow Uni-
versity. It is hoped that some of these examples will be helpful
in illustrating new material that has been added to the text.
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As this is intended to be a revision of an existing text and not a
major reorganisation of it, the detailed subject matter of the
book remains the same as in previous editions, with the excep-
tion of parts of Chapter vi on Time. I have, however, added
fairly frequent comments in the text to indicate the sometimes
modified relevance of the subject matter under discussion to
modern astronomy.

A guiding principle of the revision has been to re-establish
compatibility with the Astronomical Ephemeris and, to a lesser
extent with the fuller explanations of the Explanatory Supple-
ment to the Astronomical Ephemeris and the American Ephemeris
and Nautical Almanac. In the original edition of this book
Professor Smart took his numerical examples from the almanac
(thel the Nautical Almanac) of 1931. Where the quantities
extracted from that almanac correspond either exactly or very
nearly with those tabulated in the current Astronomical
Ephemeris, I have retained that example with only minimal
modification. Where, however, such detailed correspondence
does not exist, I have substituted a new example based on the
Astronomical Ephemerts of 1975, In no case is a quantity used
that is not tabulated in the current Astronomical Ephemeris,
whatever the apparent date of the example.

It is a pleasure to acknowledge my considerable debt to
Dr G. A. Wilkins, Superintendent of the Nautical Almanac
Office, who has drawn my attention to many points requiring
revision in this book. Further I am indebted to Dr A. E. Roy
for many informative discussions and guidance and to Mrs L.
Williamson for her considerate typing of the often intricate
material. )

R. M. G.
DEPARTMENT OF ASTRONOMY,

UNIVERSITY OF GLASGOW
1976 July 7
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CHAPTER I
SPHERICAL TRIGONOMETRY

1. Introduction.

When we look at the stars on a clear night we have the familiar
impression that they are all sparkling points of light, apparently
situated on the surface of a vast sphere of which the individual
observer is the centre. The eye, of course, fails to give any in-
dication of the distances of the stars from us; however, it allows
us to make some estimate of the angles subtended at the observer
by any pairs of stars and, with suitable instruments, these angles
can be measured with great precision. Spherical Astronomy is
concerned essentially with the directions in which the stars are
viewed, and it is convenient to define these directions in terms
of the positions on the surface of a sphere—the celestial sphere—
in which the straight lines, joining the observer to the stars,
intersect this surface. 1t isin this sense that the usual expression
“the position of a star on the celestial sphere” is to be inter-
preted. The radius of the sphere is entirely arbitrary. The
foundation of Spherical Astronomy is the geometry of the sphere.

2. The spherical triangle.

Any plane passing through the centre of a sphere cuts the
surface in a circle which is called a great circle. Any other plane
intersecting the sphere but not passing through the centre will
also cut the surface in a circle which, in this case, is called a
small circle. In Fig. 1, EAB is a great circle, for its plane passes
through O, the centre of the sphere. Let QOP be the diameter of
the sphere perpendicular to the plane of the great circle EAB.
Let R be any point in OP and suppose a plane drawn through
R parallel to the plane of EAB; the surface of the sphere is then
intersected in the small circle FCD. It follows from the con-
struction that OP is also perpendicular to the plane of #CD. The
extremities P and @ of the common perpendicular diameter QOP
are called the poles of the great circle and of the parallel small
circle. Now let PCAQ be any great circle passing through the
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poles P and @ and intersecting the small circle FCD and the
great circle EAB in C and A respectively. Similarly, PDB is
part of another great circle passing through P and @. We shall
find it convenient to refer to a particular great circle by specifying
simply any portion of its circumference. When two great circles
intersect at a point they are said to include a spherical angle
which is defined as follows. Consider the two great circles PA
and PB intersecting at P. Draw PS and PT, the tangents to the

P
S
F
Z R‘
2 T 7
: 0
|
. J :
X P
Yy |
i
I
Q
Fig. 1.

circumferences of P4 and PB respectively. PT is, by construc-
tion, perpendicular to the radius OP of the great circle PB and,
being in the plane PBO, is therefore parallel to the radius OB.
Similarly PS is parallel to the radius O4. The angle SPT
defines the spherical angle at P between the two great circles
P4 and PB, and it is equal to the angle AOB, 4B being the arc
intercepted on the great circle, of which P is the pole, between
the two great circles PA and PB. It is to be emphasised that a
spherical angle is defined only with reference to two intersecting
great circles.
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If we are given any three points on the surface of a sphere,
then the sphere can be bisected so that all three points lie in the
same hemisphere. If the points are joined by great circle arcs
all lying on this hemisphere the figure obtained is called a
spherical triangle. Thus, in Fig. 1, the three points A, X and Y on
the spherical surface are joined by great circle arcs to form the
spherical triangle AXY. AX, AY and XY are the sides and the
spherical angles at 4, X and Y are the angles of the spherical
triangle. Actually, if R is the radius of the sphere, the length of
the great circle arc AY is given by

AY = R x angle AOY,

the angle AOY being expressed in circular measure, i.e. in
radians. Now for all great circle arcs on the sphere the radius
R is constant and it is convenient to consider its length as unity.
The arc AY is then simply the angle which it subtends at the
centre of the sphere, If AY is, let us say, one-eighth of the
circumference of the complete great circle through 4 and Y, the

gide 47 is then Z

if it is expressed as 45°; similarly, for the remaining sides of the
triangle. It follows from the definition of a spherical triangle
that no side can be equal to or greater than 180°. As another
example, PAB is a spherical triangle two of whose sides P4 and

in circular measure and there is no ambiguity

PB each subtend g radians or 90° at O; in this instance we say

that PA and PB are each equal to 1—2r radians or 90°. But PCD

is not a spherical triangle, for the arc CD is not a part of a great
circle. Accordingly, the formulae which will be derived for
spherical triangles will not be applicable to such a figure as PCD.

3. Length of a small circle arc.
Consider, in Fig. 1, the small circle arc CD. Itslength is given
by CD = RC x angle CRD.
Also, the length of the great circle arc AB is given by
AB = 0A x angle A0B.

But since the plane of FCD is parallel to the plane of E4A B, then
ORD = AOB, for RC, RD are respectively parallel to 04, OB.



4 SPHERICAL TRIGONOMETRY
RC

Therefore CD = 04 .AB.
But, since 04 = OC (radii of the sphere), we have
RC
CD=55- AB.

Now RC is perpendicular to OR; ", RC = OC cos RCO. From
the parallelism of RC and 04, RCO = 40C. Hence
CD = AB cos A0C.
Now AOC is the angle subtended at the centre of the sphere by
the great circle arc AC. The formula can then be written as
CD = ABcos AC,

CD = ABsin PC

4. Terrestrial latitude and longitude.

The concepts introduced so far will now be illustrated with
reference to the earth. For many practical problems, the earth
can be regarded as a spherical body spinning about a diameter
PQ (Fig. 2). P is the north pole and @ is the south pole. The
great circle whose plane is perpendicular to PQ is called the
equator. Any semi-great circle terminated by P and @ is a

or, since PA = 90°,
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meridian. In particular, the meridian which passed through the
fundamental instrument (the transit circle) of Greenwich Ob-
servatory is, by universal agreement, regarded as the principal
or standard meridian; let it be PGKQ in Fig. 2, intersecting the
equator in K. Let PHLQ be any other meridian cutting the
equator in L. The angle KOL is defined to be the longitude of the
meridian PHQ and it can be described equally well as the equa-
torial arc KL or the spherical angle KPL. Longitudes are
measured from 0° to 180° east of the Greenwich meridian and
from 0° to 180° west, following the directions of the arrows near
K in Fig. 2. Thus, from the figure, the longitude of the meridian
PH@ is about 100° east (E) and that of the meridian PMQ is
about 60° west (W). All places on the same meridian have the
same longitude and the meridian on which a particular place is
situated is specified with reference to the principal meridian
PGQ. To specify completely the position of a place on the surface
of the earth, we require to describe its position on its meridian
of longitude. This is done with reference to the equator. Consider
a place J on the meridian PHQ. The meridian through J cuts the
equator in L and the angle LOJ, or the great circle arc LJ, is
called the latitude of J. If J is between the equator and the
north pole P, as in Fig. 2, the latitude is said to be north (N);
a place such as R, between the equator and the south pole @, is
said to have south latitude (S). In this way the position of any
point on the surface of the earth is referred to the two funda-
mental great circles, the equator and the meridian of Greenwich.

Let ¢ denote the latitude of J; then LOJ or LJ = #. Since
OP is perpendicular to the plane of the equator, POL = 90° and
therefore POJ = 90° — ¢. The angle POJ or the spherical are
PJ is the colatitude of J. We have thus

Colat. = 90° — Lat.

All places which have the same latitude lie on a small circle
parallel to the equator, called a parallel of latitude. Thus all
places with the same latitude as Greenwich lie on the small circle
MG@HX. If 6 denotes the latitude of Greenwich, then by formula
(1) the length of the small circle arc HX, for example, is given in
terms of the length of the corresponding equatorial are LY by

HX = LY cos @ eeeenn(2).
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To give greater precision to the meaning of this formula, we
consider the units in which distances on the surface of the earth
are expressed. The simplest is that defined as the great circle
distance between two points subtending an angle of one minute
of arc at the centre of the earth—this unit is known as the
nautical mile and is equivalent to 8080 feet (we neglect the small
variations in this value due to the fact that the earth is not
quite a sphere). If the difference in longitude between any two
places on the same parallel of latitude is known, e.g. LY, then
LY can be expressed as s0 many minutes of arc and this number
is the number of nautical miles between the two points L and Y
on the equator. The formula (2) then provides the means of
calculating the distance between H and X expressed in nautical
miles (or minutes of arc) and measured along the parallel of lati-

tude.
5. The cosine-formula.

Let ABC be a spherical triangle (Fig. 3). Denote the sides BC,
CA, AB by a, b and ¢ respectively. Then, by our definition, the
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side @ is measured by the angle BOC subtended at the centre O
of the sphere by the great circle arc BC. Similarly, b and ¢ are
measured respectively by the angles A0C and 40B. Let AD be
the tangent at A to the great circle AB and AE the tangent at
A to the great circle AC. Then the radius OA4 is perpendicular to
AD and AE. By construction, 4D lies in the plane of the great
circle AB; hence, if the radius OB is produced, it will intersect
the tangent AD at a point D. Similarly, the radius OC when
produced will meet the tangent AE in E. Now the spherical
angle BAC is defined to be the angle between the tangents at 4
to the great circles 4B and AC, so that the spherical angle
BAC = DAE. The spherical angle BAC will be denoted simply
by A, so that DAE = 4.

Now, in the plane triangle 0AD, OAD is 90° and AOD,
identical with A@B, is ¢. We have then

AD=0Atanc; OD=0A4secc ... (3)
From the plane triangle O4AE we have, similarly,
AE = OA tanb; OE = 0OAsecd ... (4).

From the plane triangle DAE we have
DE* = AD? + AE?— 24D.AE cos DAE,
or DE? = 0A? [tan®c¢ + tan? b — 2 tan b tan ¢ cos 4]

From the plane triangle DOE,
DE? = OD* + OE® — 20D.0E cos DOE.
But DOE = BOC = a;
. DE? = 0A*[sec? ¢ + sec? b — 2 sec b sec ¢ cos a]

Hence, from (5) and (6),
sec®¢ + sec?h — 2secbsecceosa
= tan?¢ 4+ tan2b — 2 tan b tan c cos 4.
Now sec?¢ = 1+ tan? ¢, sec?b = 1+ tan?b,
and after some simplification we obtain

cosa=cosbcosc +sinbsinccos A ...... (A)

This is the fundamental formula of spherical trigonometry and
it will be referred to in the following pages as the cosine-formula
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or formula A. There are clearly two companion formulae; they

are . .
cosb=cosccosa +sincsinacos B ...... (7),

cosc =cosacosh +sinasinbecosC ... (8).

From the three formulae—A, (7) and (8)—all the other formulae
of spherical trigonometry in use can be derived. The funda-
mental formula has two direct practical applications:

(1) If two sides, e.g. b and ¢, and the included angle A of a
spherical triangle ABC are known, formula A enables the cal-
culation of the third side a to be made.

(2) If all three sides are known, the angles of the triangle can
be found successively by means of A, (7) and (8).

For suppose the value of A is required; then by A

cos 4 = cosec b cosec ¢ [cosa — cosbcosc] ...... 9).
Formula (9) can be replaced by one more suitable for logarithmic

calculations as follows. Since cos 4 = 1 — 2 sin? 4— we have.

2’
from A,
cosa=cosbcosc+sinbsinc(l—2sin2%>
. N
=cos(b——c)—2smbsmcs1n2§,
. N |
or cos(b—c)-—cosa=2smbs1ncs1n2-2—;
2sina+(b_c)sina'_(b_c)=2sinbsincsin2é.
2 2 2
Let sbe defined by  os 4454 L. (10).
Then a+b—c=2(s—c) and a—b+c=2(s—b).
Hence sin (s — b) sin (s—c)=sinbsincsin2‘g;
. .4  /[sin(s—b)sin(s—c)
S.osing = snbone (11).

This form is useful in numerical work. There are two similar

. ... . B . C
equations giving sin 3 and sin 3

If we write cos 4 = 2 cos? %1 — 1in the formula A and procecd
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as before, we shall obtain

cos 5= \/ sm;jlzlsfn_c @9 (12)
with two similar equations giving cos g and cos 3"
From (11) and (12) by division we have
A \/sm (s—b)sin(s—¢) (13).
sin s sin (s — a)

There are two similar equations, giving tang and tan% .

Any one of (11), (12) and (13) can be used to calculate 4, the
three sides being known.

6. The sine-formula.

We shall now derive what is known as the sine-formula. From
the cosine-formula A, we have

sin b sin ¢ cos A = cos a — cos b cos ¢.
By squaring, we obtain
sin2b sin?c¢ cos? 4 = cos2a — 2 cosa cos b cosc + cos? b cos? c.
The left-hand side can be written
sin2 b sin% ¢ — sin? b sin2c¢sin? 4,
or 1—cos?b—~— cos?c+ cos?bcos?c— sin?bsin®csin? 4.
Hence
sin?b sinZcsin? 4
=1— cos2a— cos?b — cos®c+ 2 cosacosbcosec.
Let a positive quantity X be defined by
X2sin?2a sin?b sin%e
=1-—cos?a — cos?b — cos2¢c+ 2cosacosbcose.
Then, from the previous equation,
sin?d
sin?a

80 that X =% - sin 4
sina
But in a spherical triangle the sides are each less than 180°,

and this applies also to the angles. As sin 8 is positive for all
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values of 8 between 0° and 180°, the minus sign in the above
equation is inadmissible, and we have
sin A
" sina’

By treating (7) and (8) in a similar way, we shall obtain
_sinB_sinC

sinb sinc’
Hence sinA_sinZ _sinG veeren(B).

This result we shall refer to as the sine-formula or formula B.
Formula B gives a relation between any two sides of a triangle
and the two angles opposite these sides. It has to be used, how-
ever, with circumspection in numerical calculations; for, suppose
that the two sides a and b and the angle B are given, then by B

. sina sin B
sin 4 = ———-—,
sin b

from which the value of sin4d can be calculated. But
sin (180° — A4) = sin A, and without further information it is
not possible to decide which of the two angles 4 or 180°— 4
represents the correct solution. The analogous ambiguity in
plane trigonometry may be recalled to the reader’s attention.

7. The analogue formula.
Write equation (7) in the form
sincsing cos B=cosb — cosccosa
= cosb — cosc (cosbcosc+ sinbsinccos 4)
=sin®ccosb —sinbsinceosccos 4.
Hence, dividing by sin ¢, we have
sinacosB=cosbsinc—sinbcosccosA ...(C),

a relation involving all three sides and two angles.
We can easily prove in a similar manner, beginning with
equation (8), that
gsinacosC=cos¢sind —sinccosbeos 4 ...(14).

Aswehave seen, the cosine-formula A gives cos a in termsofb, ¢
and the included angle 4. Formulae C and (14) are, in some
ways, analogous to A as they give sin a x cosine of one of the
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two angles B and C, adjacent to the side a, in terms of b, ¢ and
A. We shall, therefore, refer to formula C or (14) as the analogue
formula.

The formula G can also be proved as follows. Suppose the
side ¢ of the triangle ABC to be less than 90° (the case when ¢ is
between 90° and 180° is left as an exercise to the student).
Produce the great circle arc BA to D so that BD is 90° (Fig. 4).

1S
D * \
\

LD-
<Q

o
- —

. - - -

™

Fig. 4.

Then AD = 90° — ¢ and CAD = 180° — 4. Join Cand Dby a
great circle arc and denote it by z. From the triangle DAC,
by A,

cos z = cos (90° — ¢) cos b + sin (90° — ¢) sin b cos (180°— 4),
or
cosx =sinccosb — coscsinbcos 4 eereea(15).
From the triangle DBC, by A,
cos z = ¢os 90° cos @ + sin 90° sin a cos B,
or cos = sina cos B
and therefore from (15) and (16)
sinacos B=cosbsinc —sinbcosccos 4,
which is formula GC.

veeee(16),
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8. The four-parts formula.

Another useful formula, known as the four-parts formula, will
now be derived. In the spherical tri- A
angle A BC (Fig. 5) consider the four
consecutive parts B, a, C, b. The
angle C is contained by the two ;
gides a "and b and is called the
“inner angle”. The side a is flanked
by the two angles B and C and is
called the “inner side”. Introduce B
B and C by means of the cosine- a Y
formula; then we have Fig. 5.

cosb=cosacosc+sinasinccos B ...... (1),
cosc=cosbcosa +sinbsinacosC ...... (18).
Substitute the value of cos ¢ given by (18) on the right-hand side
of (17); then
cos b = cosa (cos b cosa + sin b sin a cos C) 4 sin a sin ¢ cos B}
*. cosbsin®a = cosasin bsinacos C + sin a sin ¢ cos B,
Divide throughout by sin a sin b; then

o

. sin ¢
cotbsina =cosacosC + S 08 B.

in b
But by the sine-formula B,
sinc_ sin O
sinb sin B’
Hence cosacosC=sinacotb-sinCcotB ...... (D),

which may be put into words, as an aid to the memory, as
follows:
cos (inner side).cos (inner angle)
= sin (inner side).cot (other side)
— sin (inner angle).cot (other angle).

9. Alternative proofs of the formulae A, B and G.

The formulae B, G and D have been derived by algebraic
transformations of the fundamental formula. Another proof of
each of A, B and C will now be briefly obtained from a simple and
instructive geometrical construction. Let ABC (Fig. 6) be a
spherical triangle and O the centre of the sphere. Join O to the
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vertices and take any point P in OC. From P draw P@ perpen-
dicular to O4 and PR perpendicular to OB. In the plane OAB,
draw @S perpendicular to O4 and RS perpendicular to OB. These
perpendiculars meet in S. Join PS and OS. If we draw tangents
at 4 to the great circle arcs AB and AC, these tangents, by
definition, include the spherical angle 4. But @S and QP are by
construction parallel to these tangents. Hence POS = A.
Similarly PRS = B. Also COB = a, COA = b and AOB = c.

0] Q
Fig. 6.

The first step is to prove that PS is perpendicular to the plane
AOB. By the construction, O is perpendicular to both PQ and
@S ; hence 0@ is perpendicular to the plane P@S; therefore OQ
is perpendicular to PS which is a line lying in the plane PQS.
Similarly, OR is perpendicular to PS. Thus PS is perpendicular
to both OQ and OR and is therefore perpendicular to every line
in the plane of 0@ and OR, that is, PS is perpendicular to the
plane OA B and, in particular, to 08, §€ and SR. Thus PQS and
PRS are right-angled triangles.

(1) We have, from the right-angled triangles OQP and ORP,
P@Q=0OPsinb; PR=0Psina
0Q = OPcosb; OR=O0Pcosa ......(20).

Let  denote the angle SOQ; then ROS =c¢ — .

Now 08 = 0Qsecx and OS = ORsec (¢ — z).

Hence OR cosz = 0Q cos (¢ — z);

~. by (20), OP cosacosx = OP cosbcos (c — x);
. cosa = cos b cos ¢ 4 cos b sin ¢ tan z.
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But ta.nx=%g=Pro—5SA=tanbcosA,
and hence cosa = cosbcosc + sin bsin ¢ cos 4,
which is formula A.
(2) Again, from the right-angled triangles P@S and PES,

P8 = PQsin PQS = P@sin A,

and PS = PRsin PRS = PRsin B.
Hence P@sin A = PR sin B,
and .. by (19),

OPsin bsin A = OP sin a sin B,
from which formula B follows.
(3) We have, from the right-angled triangles 0SQ and OSRE,
@S = OSsinz and RS = OSsin (¢ — z);
., RSsinz = @8 (sin ¢ cos z — cos ¢ sin z),

or RS = @8 (sin ¢ cot  — cos¢).
Now RS = PRcos B= OPsinacos B,
and QS = PQcos A =0OPsinbcos A,
and QS cotz=0Q = OPcosb.

Hence sina cos B = cosbsinc —sinbcosccos 4,

which is formula C.

10. Right-angled and quadrantal triangles.

When one of the spherical angles is 90°, the formulae A, B,
C and D assume simple
forms. This is also the case
when one side of a spherical
triangle is 90°—the triangle
isthensaid tobe quadrantal.
Rules have been given by
Napier according to which
the various simple formulae
can be written down. The
rules, however, impose an
additional charge on the
memory and it is much
gimpler to apply one of
the main formulae A to C-90°
D to the particular right- Fig. 7.
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angled or quadrantal triangle concerned. The rules are as
follows:

(1) Right-angled triangle in which €' = 90°. Arrange ¢nside a circle the five
“circular parts” a, b, 90° — 4, 90° — ¢, 90° — B, as in Fig. 7. If any one circular
part is chosen as a “middle”, the two flanking parts are called *“adjacents’” and
the two others the “ opposites”. The rules then are:

gin (middle) = product of tangents of adjacents;
sin (middle) = product of cosines of opposites.
(2) Quadrantal triangle in which ¢ = 90°. Arrange outside the circle (Fig.7)

the five “circular parts™ 4, B, 90° — a, C — 90°, 90° — &. The two rules are
then the same as for right-angled triangles.

11. Polar formulae.

Certain useful formulae can be obtained by means of the polar
triangle which is constructed as follows (Fig. 8). Let ABC be a
spherical triangle. The great circle of which BC is an arc has two
poles, one in each of the hemispheres into which the sphere is
divided by the great circle. Let A
A’ be the pole in the hemisphere
in which 4 lies. Similarly B’ and
(' are the appropriate poles of
CA and AB. Produce BC both
ways to meet 4’B"and 4'C’ in
L and M respectively. Then,
since 4’ is the pole of the great
circle LBC M, the spherical angle
B’4'C (or simply 4') is equal
to the arc LM. Again, B’ is the
pole of AC, that is, the angular
distance of B’ from any point on
AC is 90°; similarly the angular Fig. 8.
distance of A’ from any point on BC is 90°. Hence the angular
distance of C from B’ and from A’ is in each instance 90°; in
other words, C' is the pole of A’B’. Hence CL = 90°, and
similarly BM = 90°. Now LM = LB + BM = LB + 90°. Also
BC=ga; ;. LB=90°—a. Hence A’ = 180°— a. Similarly
B’ =180° — b and ¢’ = 180° — ¢c. We obtain in a similar
manner

e =180°—A4; b =180°— B; ¢ =180°~-C,
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Now apply formula A to the triangle A’ B'C’ and we have, for
example,

cos @’ == cos b’ cos ¢’ + sin b’ sin ¢’ cos 4.
Using the relations just found, we obtain from this equation

— ¢o8 A = cos B cos C — sin B sin C cos a,

which 18 a formula for the triangle ABC, giving the angle 4 in
terms of the two remaining angles and the included side. The
procedure in this instance can be extended to any of the principal
formulae which we have already derived, by writing 180° — a
for A, 180° — b for B, etc., in the formulae A to D.

12. Numerical example.

To illustrate the numerical solution of a spherical triangle, we
shall consider the following problem. In Fig. 9 let 4 and B
represent two places, in north latitude, on the surface of the
earth; their latitudes are re-
spectively 24° 18’ N and 36°
47" N, and their longitudes
133° 39 E and 125° 24’ W
respectively; it is required to
find (i) the length of the great
circle arc AB, (ii) the angle
PAB, P being the north pole,
and (iii) the most northerly
point on the great circle 4B.

PAH@ is the meridian
through 4 cutting the equator
in H. HA measures the lati-
tude of 4, i.e. HA = 24° 18’,
PA is the colatitude of A4;
o PA=90"-24°18 = 65°42". Fig. 9.

Similarly PB = 53°13". Let the Greenwich meridian intersect
the equator in §. Then, following the arrows,

GH = long. (E) of 4 = 133° 39,
and GK = long. (W) of B = 125° 24’,
Hence the arc HGK = 259° g,
and therefore HK (the shorter of the two great circle arcs
joining H and K) is 100° 57’; that is APB = 100° 57°. In the

P
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triangle APB we now are given the two sides P4 and PB and
the contained angle 4P B,

(i) Calculation of AB. By formula A, we have
cos AB = cos PA cos PB + sin PA sin PB cos APB,
which becomes, on inserting the data,
cos AD = cos 65° 42’ cos 53° 13’ — sin 65° 42" sin 53° 13’ cos 79° 3’

= M —N.
We shall use five-figure logarithms.
log cos 65°42-0 T1-61 438 log sin 65° 420 1-95 971
logcos 53°13-0 1-77728 log sin 53°13"-0  1-90 358
oo log M = 139 166 logcos 79° 3.0 1-27 864
. log N = 1-14193
s M =024641; s N =013 865.
Hence cosAB=M —~ N =0-10 776;

. AB=83°48"-8 = 5028'-8

Thus the great circle distance between 4 and B is 83° 48'-8 or
5028:8 nautical miles. To the nearest minute of arc, 4B = 83°49’.
(ii) Calculation of PAB. By formula A,
cos PB = cos AB cos PA + sin ABsin PA cos PAB,
In this equation, all three sides PB, AB, P4 are now known and
hence we can derive PAB. In this instance simple geometrical
considerations show that PA B is less than 90° and consequently
the sine-formula B can be used without ambiguity; the appro-
priate equation is

sin PAB — sin APB.sin PB

sin AB ’
all the quantities on the right-hand side being now known.
However, for purposes of illustration, we shall calculate PAB by
means of formula (11). Denote AB by p, PB by a and PA by b;
then

25— p+a+ b= 83°49 + 53° 13" + 65° 42’ = 202° 44",
Hence ¢=101°22"; s—p=17°33"; s—b=35°40",
In this instance, formula (11) is written

sin A \/ sin ( )sin (s — p)

sin b sin p
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logsin (s — b) =logsin  35°40" 1-76 572
logsin (s — p) =logsin 17°33" 1-47 934
logcosecdb  =logcosec 65°42" 0-04 029
logcosecp  =logcosec 83°49" 0-00 253

*. log sinz‘—z‘1~ =T1.28 788
s log sin‘; = 1-64 394
4 o gr
5 =26°8
A =52°16".

(iif) Calculation of the most northerly latitude reached by the
great circle AB. Let C be the most northerly point on AB
(Fig. 9). Then it is evident that the parallel of latitude through
C will touch the great circle at C and that the meridian PC will
be perpendicular to the great circle A8 at C. Thus POA and
PCB are each 90°. In the triangle PAC, we now know PA, PAC
and PCA and it is required to find PC. Clearly, formula B can

be used; it is sin PO sin PA
sin PAC ~ sin PCA’
and, since P4 = 90°, we obtain
sin PC = gin PA sin PAC
logsin PA =logsin 65°42' 1-95 971
log sin PAC =logsin 52° 16’ 1-89 810
*. logsin PC = 1-85 781
. PC=46°T7.
Thus the latitude of C is 43° 53'.
The calculation of the longitude of C is left as an exercise to
the reader.

13. The haversine formula.
Many calculations are appreciably shortened by the use of

“haversines . The haversine of an angle 6 (written hav ) is
defined by

hav@ =} (1—cos §) = sinzg ...... (21).

Since cosf=1-— 2sinzg, we have

cos§=1—2hav8 ... (22).



SPHERICAL TRIGONOMETRY 19

We can now modify formula A, which is

cos a = cos b cos ¢ + sin b sin ¢ cos 4.
According to (22) write (1 — 2hava) for cosa, and
(1 - 2 hav A4) for cos 4. Then

1— 2hava=cos(b— c)— 2sin b sin ¢ hav 4.

Write 1 — 2 hav (b — ¢) for cos (b — ¢). Then we obtain

hava=hav(b~c)+sinbsinchavA ...... (23},
which is the form of the fundamental formula expressed in
terms of haversines.

From the definition in (21), hav @ is always positive and
hav (— 6) = hav 6.

The haversines and log haversines of angles from 0° to 180°
are found in some collections of mathematical tables among
which may be mentioned Inman’s Nautical Tables (J. D. Potter,
156 Minories, London, E. 1), which, in addition to the usual
logarithmic and trigonometrical tables (to five figures), contain
several other tables of astronomical value.

The ca,lcu]a.tior} of the side A B (Fig. 9) by means of haversines
will now be given in order toshow the convenience of the method.
We write (23) as follows for the triangle PAB:

hav AB = hav (PA — PB) + sin P4 sin PBhav APB
= hav (P4 - PB)+ X
log hav APB =log hav 100° 57’ T1-77450
logsin PA =logsin 65°42" T1-95971
logsin PB =logsin 53°13' T1-90358
s log X = 163779
. X =0-43 430
hav (PA — PB) = hav 12° 29’ = 0-01 182
.. hav AB =0-44 612
. AB = 83°49,
which agrees with our result on p. 17.

14. Another method.

When two sides and the contained angle of a triangle are
given, the following method is sometimes used when it is
required to find the third side and one of the remaining angles.
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To illustrate the method we shall find AB and PAB (Fig. 9).

Denote AB by p, PB by a, PA by b and APB by P. Then
a=53%13", b= 65°42" and P = 100°57".
By formulae A, G and B, we have

cosp =cosacosb +sinasinbeos P ...... (24),
sin pcos A = cosasind — sinacosbecos P ...... (25),
gin psin 4 =sinasin? ... (26).

Define d (a positive quantity) and D by
cosea=dcosD ... (27),
singcos P=dsin D ... (28).

Hence we can write (24)—(26) as follows:
cosp=dcos(b—D) ... (29),
ginpcosd =dsin(b—-D) ... (30),
ginpsind =sinasin P ... (31).

(i) From (27) and (28), by division,

tan D= tanacos P = ..... (32),

from which D can be calculated.
(ii) From (30) and (31),

sin @ sin P
tand =~ TS 6= D)
which, by inserting the value of d given by (28), becomes
tan A = tan P sin D cosec (b— D) ...... (33),

from which 4 can be calculated.
(iii) From (29) and (30),
tan p = tan (b — D)sec 4  ...... (34),
from which p can be calculated.

The calculations.
1) logtana =logtan 53°13" 0-12 631
log cos P =log cos 100°57° 1.27 864 n
.. logtan D = 1404951
cos P is negative and we attach the letter » to its logarithm
to remind us of this fact. It follows that tan D is negative. We
have assumed in formulae (27) and (28) that d is a positive
quantity. Then, from the given values of a and P, it follows that
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cos D is positive and sin D is negative; thus D ig in the fourth
quadrant, and from the value of log tan D which we have found

we obtain 5y s600 _ 14° 156 — 345° 444,
Hence
b—D =65°42"— 345° 44’4 = — 280°2'-4 = 79° 57"-8,
(ii) logtan P =logtan 100°57°  0-71 338n
log sin D =logsin 345°44’-4 T1-39151n

log cosec (b — D) =log cosec 79° 57"-6  0-00 670
*. log tan 4 = 0-11 159
and, as 4 is less than 180°, we have
PAB = A = 52°169.
(iii)  logtan (b — D) =log tan 79° 576 0-75 192
log sec 4 =logsec 52°16"-9 0-21 340
L , .. log tan p = 0-96 532
;. AB =p=83°4Y,
agreeing with the previous calculations of 4B.

15. The trigonometrical ratios for small angles.

If @ is a small angle and expressed in circular measure, we have
the well-known approximate formulae:

gin § = fradians; cosf = 1; tan @ = fradians

veeenn(35)
Now 1 radian = 57° 17" 45"
= 3437%
= 206265,
w_ 1 .
8o that 1" = 306965 radian,
' 1 : "
and 1" = 338 radian, approximately.

Hence, by the first equation of (35), when 6 is successively 1”
and 1', 1

206265

1
3438

sin 1" = verenn(36),

and ginl’ = veeees(37).
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If 8" denotes the number of seconds of arc in 8 radians, then

9“’
b= 556368 and consequently
sin 6 = LA
" 206265°
which may be written
- sin §’ = 8" sin 1" esees.(38).
Similarly, sind =68 sinl’ woree(39),

where 8 is expressed in minutes of are.
In a similar way, we find
tan 6 = 8" sin 1",
In spherical astronomy, certain angles are frequently ex-
pressed in terms of hours, minutes and seconds of time,
according to the following relations:

24 hours = 360°; 1t = 15°; 1™ =15 and 15= 15"

eeeen. (40).

Thus we obtain the approximate formulae
sin 1m = sin 15" = 15sin I cerns.(41),
sin1* =sin 15" = 15sinl1” ... (42).

If H is a small angle, which, when expressed in minutes of
time, will be denoted by H™, then

sin H = Hmgin 1® = 156Hmsin 17 ......(43).
Similarly, if we express H in terms of seconds of time, we have
sin H = H&sin 18 = 156H®sin 1" ...... (44).
These results will be of use in subsequent chapters.

18. Delambre’s and Napier's analogies.

For reference, we give the following formulae, originally due
to Delambre, and known as Delambre’s analogies:

sin §csin § (4 — B) = cos §Csin (@ ~ &} ...... {45),
sinfccos$ (A - B)=siniCsini{a+d)...... (46),
cos jesin } (4 + B) = cos }Ccos  (a— b)...... (47),
cosjccos3 {4+ B)=siniCcosd(@a+b)...... (48).

These formulae are easily derived from the principal formulae
already discussed in the previous pages.
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Taking these equations in pairs, we obtain Nagier’s analogies:

1(A-B
tani(a+b) = (cig%;ET—%Z_?; tanlec ... (49),
inli(4-B
tan % (a - b) = z;n]:%:f; tan %C ...... (50),
1(q—
tan i (4 + B) =%§ cotiC ... (51),
tan } (4 — B) = :2 i P z i 2; 0t 30 eeennn(52)
EXERCISES

1. In the spherical triangle ABC, C =90°, a=119°46’36" and
B = 52° 25’ 38”. Calculate the values of b, ¢ and A.

[Ans. 48° 26’ 49", 109° 14’ 0" and 113° 10’ 46”.]

2. Inthe triangle ABC,a = 57° 22’ 11”7, b = 72° 12’ 19" and C = 94° 1" 49",
Calculate the values of ¢, A and B.

[Ans. 83° 46’ 32", 57° 40’ 45" and 72° 49" 50”.]

3. In the triangle’ ABC, ¢ =90°, B = 62°20'42 and a = 136°19’0".
Calculate the values of 4, C and b.
[Ans. 139° 46’ 137, 69° 14’ 45” and 71° 18’ 9.

4. Two ships X and Y aresteaming along the parallels of latitude 48° N and
15° S respectively, in such a way that at any given moment the two ships are
on the same meridian of longitude. If the speed of X is 15 knots,* find the speed
of Y.

5. A and B are two places on the earth’s surface with the same latitude ¢;
the difference of longitude between A and B is 2l. Prove that (i) the highest
latitude reached by the great circle 4 B is tan—! (tan ¢ sec 1), and (ii) the distance
measured along the parallel of latitude between 4 and B exceeds the great
circle distance AB by

2 cosec 1’ [l cos ¢ — sin~? (sin I cos ¢)] nautical miles.
6. The most southerly latitude reached by the great circle joining a place 4

on the equator to a place B in south latitude ¢ is ¢;. Prove that the difference
of longitude between A and B is 90° + cos™! (tan ¢ cot ¢,).

7. The positions of 4 and B are respectively: Lat. 39° 20’ S, Long. 110° 10’ E
and Lat. 44° 30’ 8, Long. 46° 20’ W. Show that, if a ship steams from 4 to B
by the shortest possible route without crossing the parallel of 62° S, the distance
steamed is 5847-6 nautical miles.

* The knot is the unit of speed in use at sea; it is 1 nautical mile per hour.
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8. If the elements a, b, ¢, 4, B, C of a spherical trianigle receive increments
da, ... dC, show that, if
ngﬁnA =sinﬁB _sinC
gina sinb sine’
da = cos C.db + cos B.dc + K sinbsinc.d4d,
db =cos d.dc+cosC.da+ Ksincsina.dB,

de = cos B.da + cos A.db + K sin a sin b.dC,

d4 = — OOSO.dB—OOSb.dC""Il(

sin Bsin C.da,
dB = — cosa.dC — cosc.dA +-Ilfsin05in_4.db,

dC = — cos b.dA -cosa.dB+%sinAsinB.do.

9. Prove that two sides of a spherical triangle are equal if and only if their
opposite angles are equal.

ABC is an equilateral spherical triangle in which small displacements are
made, in the sides and angles, of such a nature that the triangle remains
equilateral. Prove that

da _ edeot?
dd T P g%

[Glas. 1967.]



CHAPTER IT
THE CELESTIAL SPHERE

17. Introduction.

In Chapter 1 we have seen that positions on the surface of the
earth are completely specified by reference to two principal
great circles, the Greenwich meridian and the equator. The
principle of specifying positions on the celestial sphere is fun-
damentally similar and there are several methods depending on
the particular great circles chosen as the principal circles.
These methods will now be described.

18. Altitude and azimuth.

Let O—the observer on the surface of the earth (supposed
spherical)—be the centre of the celestial sphere (Fig. 10). Let Z
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Fig. 10.

(the zenith) be the point on the celestial sphere vertically over-
head—its direction can be defined by means of a plumb-line.
OZ is thus the continuation of the straight line joining the earth’s
centre to O. The plane through O at right angles to OZ is the
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plane of the horizon, cutting the celestial sphere in the great
circle NAS, called the celestial horizon or simply the horizon.
Thus, in Fig. 10, the horizon divides the celestial sphere into two
hemispheres, of which the upper is the visible hemisphere, the
lower being hidden from the observer by the earth. Let X be
the position of a star on the celestial sphere at a given moment.
Any great circle drawn through Z is called a vertical circle; in
particular, the vertical circle in Fig. 10 passing through X is
ZXA. In the plane of ZXA, the angle 40X or the great circle
arc AX is called the altitude, which will be denoted by a. Since
0Z is perpendicular to the plane of the horizon, the great circle
arc Z4 is 90°; hence ZX = 90° — a. ZX is called the zenith
distance (z.D.) of the star X and will be denoted by 2. Thus

2=90—a . (1).

Let LXM be a small circle through X parallel to the horizon;
it is called a parallel of altitude and is such that all heavenly
bodies, whose positions at a given instant lie on this small circle,
have the same altitude and also, by (1), the same zenith distance
as X. Thus if the altitude or zenith distance of a star is given, the
parallel of altitude on which it must lie can be definitely specified.
To define its position completely on the celestial sphere, the
particular vertical circle on which it lies must also be specified.
This is done as follows.

Let OP be parallel to the axis about which the earth spins.
If the latitude of the observer is north (as in Fig. 10), the position
P is called the north celestial pole, or simply the north pole. We
are not directly conscious of the earth’s rotation, but the effect
is shown in the apparent rotation of the celestial sphere. The
stars thus appear to travel across the sky and their altitudes and
directions are continually changing. In the northern hemisphere
there is, however, one star, visible to the naked eye, which
appears to change very little. This is Polaris, or the north pole
star, whose direction in the sky is very nearly that given by OP.
If there happened to be a star exactly situated at P on the
celestial sphere, its altitude and direction would be invariable
throughout a night. We define the vertical circle through P.
that is ZPN (which cuts the horizon in N), as the principal
vertical circle and the point N as the north point of the horizon
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The point § on the horizon exactly opposite to N is the south
point; the west (W) and east (E) points* have directions at right
angles to the directions of NV and 8 (% is not shown in Fig. 10).
The points N, E, S and W are called the cardinal points.

We now specify the position of a star X on the celestial sphere
at a given moment by reference to the horizon and the principal
vertical circle ZPN. If the star is in the western part of the
celestial sphere (as in Fig. 10), the spherical angle PZX (which
is formed by the principal vertical circle and the vertical circle
through X) or the great circle arc N4 is called the azimuth (V).
If the star is in the eastern part of the celestial sphere, as in
Fig. 11, the angle PZX
or the arc N B is the azi- Z
muth (E). Thus at any
instant the position of
a heavenly body on the
celestial sphere can be
described completely by
reference to the horizon
and the north point of the
horizon in terms of alti-
tude and azimuth (E or
W) or, alternatively, in
terms of zenith distance
and azimuth. When the
azimuth is 90° E or 90°
W, the star is said to
be on the prime vertical, which is thus the vertical circle through
the east point £ or the west point W.

Since in Figs. 10 and 11 the angle POZ (or the great circle arc
PZ) is equivalent to the angle between the radius of the earth
which passes through the observer’s position and the earth’s

axis, then POZ (or PZ) is equal to the colatitude of the observer
or PZ=90°-¢ ... (2),

where ¢ is the observer’s latitude. Also PN = 90° — PZ = ¢;
hence the altitude of the pole is equal to the observer’s latitude.

Fig. 11.

* The positions of W and E relatively to N and § are obtained from the considera-
tion that, if the observer faces north, the west point is towards his left hand and the
east point towards hus right hand.
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19. Declination and hour angle.

As in the preceding section, suppose that the celestial sphere
is drawn for an observer O in latitude ¢, showing the horizon,
the zenith Z and the north pole P (Fig. 12). The great circle
RWT whose plane is perpendicular to OP is the celestial equator
and its plane, clearly, is parallel to that of the earth’s equator.
The celestial equator and the horizon intersect in two points W
and E. Now Z is the pole of the great circle NW S and P is the
pole of the great circle RWT'; hence W is 90° from both Z and P

Fig. 12.

and therefore is 90° from all points on the great circle through
Z and P. In other words, W is the pole of the great circle
NPZSQ; hence NW = 90° and W = 90°. Similarly EN = 90°
and ES = 90°. Hence W and E are the two remaining cardinal
points, N and S having been previously defined explicitly.

As already stated, the rotation of the earth results in an
apparent rotation of the celestial sphere from east to west about
OP. It follows that, as the stars are at such great distances from
the earth, the angle between the straight line joining the observer
at O to any particular star and the straight line OP (parallel to
the earth’s axis) remains unaltered. If we consider a star X, the
earth’s rotation makes it appear to describe a small circle LX M,
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parallel to the celestial equator, in the direction indicated by the
arrows in Fig. 12, Let PXDQ@ be the semi-great circle through
X and the poles of the celestial sphere. Then the arc DX is called
the declination of the star and is north declination if the star is
between the celestial equator and the north pole P (as for the
star X). The star’s declination is south (as for Y) when it is
between the celestial equator and the south pole @. Declination
is thus analogous to latitude as defined for points on the earth’s
surface. Denote the declination of X by 8; then DX = § and
PX = 90° — 6. PX is called the north polar distance (N.p.D.) of
the star. It is convenient to treat declination as an algebraic
quantity, so that the various formulae to be derived will hold
equally for north and south declinations. North declinations
carry the positive sign (+) and south declinations the negative
sign (—). Thus the formula for north polar distance, viz.
N.B.D. = 90° — 8, is applicable to all stars, whatever their de-
clinations may be.

The declination of a star being known, we can thus specify a
small circle, called the parallel of declination, on which it must
lie. To fix completely its position on the celestial sphere at any
moment we require another great circle of reference. This is the
semi-great circle PZRS(Q, called the observer’s meridian. When
the star is at L on the observer’s meridian, it is said to fransit or
culminate, and it is clear from Fig. 12 that its altitude (that is
SL) is then greatest and its zenith distance ZL is least. There-
after, owing to the earth’s rotation, it moves along the small
circle LF M crossing the horizon at F where it is said to set; its
altitude at F is of course 0° and its zenith distance is 90°.
During an interval of time depending on its declination, the star
is below the horizon, reaching its maximum depression below
the horizon at M ; eventually it reaches the horizon at G where
it i3 said to rise. Its altitude gradually increasing, it returns
after an interval, equivalent to that in which the earth makes a
complete rotation about its axis, to the observer’s meridian at L.
At any moment the star’s position on the parallel of declination
is specified by the angle at P between the observer’s meridian
and the meridian (PX Q) through the star at this time; this angle
is RPX or ZPX or the arc RD on the equator. This angle, de-
noted by H, is called the hour angle and is measured from the
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observer’s meridian westwards from 0° (at L) to 360° (when the
star again returns to the observer’s meridian) or, as is more usual,
from Ob to 242, We can express this in a slightly different way.
When the star is in transit, its meridian coincides with the
observer’s meridian; thereafter, the star’s meridian moves
steadily westwards and, when it has made a complete circuit of
the celestial sphere, it has described an angle of 360° or 24 with
reference to the observer’s meridian. From Fig. 12 it is seen that
if the star is west of the observer’s meridian, that is, if the

Fig. 13.

azimuth is west, its hour angle is between 0° and 180°, that is,
between Ot and 12b, Similarly, if the star is east of the meridian
(azimuth east)—as in Fig. 13—the hour angle is between 128 and
24b, We thus have the rules:

If the star’s azimuth is west, the hour angle is between 0b and 12%
(and vice versa); if the star’s azimuth is east, the hour angle is
between 12t and 240,

20. Diagram for the southern hemisphere.

The diagrams described so far in this chapter refer to the
c2'astial sphere for an observer in north latitude. We shall now
describe the corresponding diagrams for an observer in the
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southern hemisphere. In Fig. 14, we shall place the observer’s
zenith as in the previous diagrams. The celestial horizon is then
as indicated. In the southern hemisphere, the south celestial
pole @ is above the horizon. Then, if ¢ denotes the southern
latitude of the observer, QZ = 90° — ¢. The principal vertical
circle is now ZQS, intersecting the horizon in the south point S.
The north point N can then be placed in the diagram. The
celestial equator and the horizon intersect in the west and east
poiuts W and £ (the latter is not shown in Fig. 14) according to

the rule in the footnote to page 27. Consider a star X with
south declination. Owing to the earth’s rotation it will describe
a small circle LXM, parallel to the celestial equator and lying
between the celestial equator and the south pole Q. At L, the
star will have its greatest altitude—it is then on the observer’s
meridian, which is the semi-circle QZRNP. In consequence of
the earth’s rotation the star will move from the observer’s
meridian westwards, that is, in the direction LX M, as indicated
by the arrows in the diagram. The angle ZQX is the hour angle
measured, as before, from 05 to 24b westwards from the observer’s
meridian. QZX is the azimuth; in this instance it is west. If §
is the (negative) declination of the star, then DX = —& and



32 THEY CELESTIAL SPHFRE

QX = 90° + 8. The other parts of the spherical triangle QZX
are: QZ = 90°— ¢, ZX = z (the zenith distance), QZX = 4
(the azimuth) and ZQX = H (the hour angle). When the star’s
azimuth is west, the hour angle is between 0t and 128, When the
star’s azimuth is east, the appropriate diagram can be similarly
drawn; this is left as an exercise to the student; it will then be
found that the hour angle is between !2R and 242. The rules
stated at the end of section 19 are seen to hold for southern as
well as northern latitudes.

21. Circumpolar stars.

Consider the celestial sphere for an observer in northern
latitude ¢ (Fig. 15). The parallels of declination are drawn for
two stars X and Y, both of which are always above the horizon
and consequently do not set. Such stars are called circumpolar

Fig. 15.

stars. It is readily seen from the figure that the condition that
a star should not set is: PM must be less than PN ; that is, the
north polar distance must be less than the latitude, or, in other
words, the declination must be greater than the colatitude.
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When the star X is on the observer’s meridian at L, it is at
wpper culmination or in transit; when the star reaches M, itis at
lower culmination. The expressions “culmination above pole”
and “culmination below pole” are frequently used. At upper
culmination, the star’s zenith distance is ZL or (PL — PZ), that
is, ¢ — 8. Atlower culmination, the star’s zenith distance is ZM
or (ZP + PM), that is, 180° — (¢ + 8). When § = ¢, the star’s
upper culmination occurs in the zenith. When § > ¢, the upper
culmination occurs between P and Z, as for the star Y ; then the
azimuth does not exceed 90°, as can be readily inferred from the
diagram. Southern circumpolar stars can be considered in the
same way.

22. The standard or geocentric celestial sphere,

In the previous sections, the declination of a star on the
celestial sphere whose centre is the observer has been defined.
As the stars are at distances almost infinitely great compared
with the dimensions of the earth, the star’s declination or polar
distance so defined is inde-
pendent of the observer’s
position on the surface of
the earth, asmay bereadily
seen from Fig. 16. (It is
more convenient for our
present purpose to deal
with the star’s north polar
distance than with its de-
clination.)InFig.16, P,CQ,
is the earth’s axis of rota-
tion, C being the centre of
the earth; O is the ob-
server and COZ the direc-
tion of the zenith at O; OP
is parallel to CP, and the
direction of a star that is
transiting at O is OX. By definition, the north polar distance of
the star for an observer at O is POX. If CY is drawn parallel to
0X, then CY is the direction of the star with reference to C, the

earth’s centre. Thus Pl(f' Y = POX ; in otherwords the north polar

Fig. 16.
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distance of the star (and consequently its declination) is the same
on the celestial sphere centred at O (or any other position on the
earth’s surface) as it is on the celestial sphere centred at C. But
when a comparatively near body such as the moon, or sun, or a
planet is observed, the definition of north polar distance (and
therefore of declination) previously given is dependent on the
particular position of the observer on the earth. Thus if M is the
moon (Fig. 16) at the distance r from the centre of the earth, it
is evident that POM = PléM + OMC; also OMC clearly de-
pends on the position of O, whereas P,C M isentirely independent

Fig. 17.

of 0. Plé'M is defined as the north polar distance of M which is
thus the angle between the earth’s axis and the straight line
joining the earth’s centre to the heavenly body. This definition
is entirely general and is applicable to every heavenly body.
Accordingly, the centre of the standard celestial sphere (or the
geocentric celestial sphere, as it may be called) is taken to be at
C, the earth’s centre (Fig. 17). CZ is the direction of the ob-
server’s zenith, the diameter QCP is coincident with the earth’s
axis, N WSE is the celestial horizon (the great circle whose plane
is perpendicular to CZ), and RWTE is the celestial equator (its
plane is coincident with the plane of the earth’s equator). The
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arc PX is the north polar distance of the heavenly body ac-
cording to the definition just given and DX is the declination 3
(¥.p.D. = 90° — §). The observer’s meridian is PZRSQ, the
zenith distance of the heavenly body is ZX (denoted by z) and
the azimuth 4 (PZX ) and the hour angle H (ZISX) are as
described previously. The declinations of the principal heavenly
bodies (moon, sun, planets and the brightest stars) are tabulated
in the Astronomical Ephemeris (the American and British
publication) and in the other national ephemerides.

Hereafter, the celestial sphere will be assumed to be as in
Fig. 17, that is, centred at C, the earth’s centre.

23. Solution of the spherical triangle PZX.

We shall consider two common problems associated with the
triangle PZX.

(i) Given the observer’s latitude ¢, the declination 8 and hour
angle H of the heavenly body, to calculate its zenith distance
and azimuth, By formula A (the cosine formula), we have, since
two sides PZ and PX and the contained angle ZPX are given
(Fig. 17),

cos ZX = cos PZ cos PX + sin PZ sin PX cos ZPX,
or cosz=gin¢sind + coscosdecos I ... (3).
Thus z can be calculated directly from (3) or by means of the
haversine formula (section 13), which in this instance can be

written hav z = hav (¢ — 8) + cos ¢ cos § hav H ...... (4).
Again, by A,

c0s PX = cos PZ cos ZX + sin PZ sin ZX cos PZX,
or sin § = sin dcosz+ cos psinzcos 4 ..., (5),

from which the azimuth 4 can be calculated. In the haversine
form (5) may be written

cos ¢ cosa hav A = hav (90° — 8) — hav (¢~ a) ...(6),
where a is the altitude.

(ii) Given the observer’s latitude ¢, the star’s zenith distance
and azimuth, to calculate the star’s declination and hour angle.
We are given ¢, z and 4; hence, by (5), we can calculate the
declination. Kither equation (3) or (4) is available for calculating
the hour angle H. Thus from (3)

cos H = coszsecpsecd—tanptand ...... (7).
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Consider now the spherical triangle PZX in Fig. 13. The angle
PZX is the azimuth (east). Remembering that the hour angle
is measured at the pole from the observer’s meridian westwards,
we see that ZPX = 248 — H. The solution of the triangle
proceeds as before.

24. Right ascension and declination.

In the hour angle and declination method of specifying a star’s
position on the celestial sphere only one co-ordinate, namely
declination, remains constant as the star travels across the sky,
whereas the hour angle increases uniformly from 0t to 242, But

Fig. 18,

the positions of the stars on the celestial sphere may be likened
to the positions of fixed points on the surface of the earth and
can therefore be specified with reference to the celestial equator
and any particular star on the equator. For example, in Fig. 18,
let 7 be an equatorial star and X any other star; let the meridian
through X cut the celestial equator in D. As the stars pass
across the sky we know in particular that the declination of X,
that is, DX, remains constant and that the relative configuration
of the stars also remains constant. It follows that 7D is con-
stant; in other words, that the angle between the meridians of
T and D remains constant., We may regard 7 as a reference
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point on the celestial equator; with respect to T and the celestial
equator, we can clearly specify the position of the star X by
means of the great circle arc 7D and the declination DX. The
reference point chosen in practice is called the vernal equinox or
the first point of Aries, and it is convenient to regard the position
of 7 as specified by a particular star in the sky. Later we shall
define 7 more precisely. The arc 7’D or TPX is called the right
ascension (R.A.) of the star X (denoted by «) and is measured
eastwards from T from Ot to 24b (in the direction of the arrow
near 7T'). This direction is opposite to that in which hour angle is
measured. From Fig. 18, we see that R = RD + TD. Now RD
(or RPX) is the hour angle H of X and RT is the hour angle of 7.
The hour angle of 7 is called the sidereal time (s.r.). We have,

accordingly, o4 time = mA. X + RAL X veernn(8),

or st.=H+e¢ ... (9).

When 7 is on the observer’s meridian, the hour angle of T is 0b,
that is to say, the sidereal time is 0b. When 7 is next on the
observer’'s meridian, an interval of 24b of sidereal time has
elapsed. This interval is, of course, the same as that required
for the complete rotation of the earth about its axis and it is
called a sidereal day. The rotating earth is, in fact, the standard
time-keeper.

25. The earth’s orbit.

The earth is a planet revolving around the sun in an elliptical
path or orbit, the sun being situated at a focus S of the ellipse
(Fig. 19). This is Kepler’s first law of planetary motion. The time
required for the earth to make a complete revolution of its orbit
is a year. As the earth progresses in its orbit, the direction of
the earth, as viewed from the sun, is continually altering; the
angular velocity is, however, not uniform. Since our observa-
tions are made from the earth, then relative to the earth the sun
appears to describe an elliptical orbit around the earth. In
Fig. 20, C is the centre of the earth and the ellipse represents the
apparent orbit of the sun relative to the earth. The sequence of
positions of the sun, namely a, e, f, b, g in this orbit, corresponds
to the sequence of positions 4, E, ¥, B, G of the earth in its orbit
round the sun (Fig. 19). In the course of the year, the sun thus
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appears to make a complete circuit of the heavens against the
background of the stars. The plane of the orbit is called the
plane of the ecliptic, and the great circle in which this plane
intersects the celestial sphere, whose centre is the earth’s centre
C, is called the ecliptic. In Fig. 21, let C be the centre of the
celestial sphere on which the celestial equator TTR and the

A

F

/@

Fig. 18,

Fig. 20.

north pole P are drawn. We may imagine that the stars can be
viewed from the centre of the earth, that is, from C, and ac-
cordingly they will occupy definite positions on the celestial
sphere in Fig. 21. With reference to the stars, the plane of the
ecliptic will have a definite position and, consequently, the
ecliptic will be a particular great circle, which is found from
observations to be inclined at an angle of about 234° to the
celestial equator. In Fig. 21, YT MU represents the ecliptic and



THE CELESTIAL SPHERE 39

its inclination to the celestial equator is M T'R, which is known
as the obliguity of the ecliptic. Relative to the earth, the sun
appears to move on the celestial sphere along the ecliptic—in
the direction Y7 M—and twice yearly, at T and at U, its position
on the celestial sphere coincides with the intersections of the
ecliptic with the celestialequator. Between 7 and M and between
M and U the sun is on the north pole side of the equator; its
declination is then north. Similarly between U and Y and

Fig. 21.

between Y and 7 its declination is south. The position 7, at
which the sun’s declination changes from south to north, is the
vernal equinoz. 1t is in this way that the reference point 7', from
which are measured the right ascensions of the stars, is obtained.
Thus if X is a star, its right ascension is 7D or @ measured along
the equator from 7’ eastwards, and its declination § is DX. From
the diagram it is seen that the right ascension and declination of
the sun are both changing continually. When the sun is at 7,
its right ascension and declination are both zero (this occurs
about March 21-—the vernal equinox); at M the right ascension
is 62 and declination about 23}° N (this occurs about June 21—
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the summer solstice); at U the right ascension is 122 and declina-
tion 0° (this occurs about September 21—the autumnal equinozx)
and at Y the right ascension is 18? and the declination about
233° S (this occurs about December 21—the winter solstice).

26. Celestial latitude and longitude.

The position of a heavenly body can be referred to the
ecliptic as fundamental great circle and the vernal equinox 7 as
principal reference point. In Fig. 21 K is the north pole of the
ecliptic and KX A is a great circle arc passing through X and
meeting the ecliptic in 4. The arc 74, measured from 7 to 4
along the ecliptic in the direction of the sun’s annual motion,
i.e. eastwards, is called the longitude of the heavenly body X and
is measured from 0° to 360° round the ecliptic. The arc AX is the
latitude and north latitude is considered positive and south nega-
tive. If we know the star’s right ascension and declination we can
obtain its latitude (B8) and its longitude (A) from the triangle
KPX; and vice versa. Now T is the pole of the great circle
KPMR; hence KPr = 90°, and since 7D = rPX = a, then
KPX = 90°+ a. Also PK? = 90°, and since 74 = TKX = ),
then PKX = 90° — A. Also PX = 90°— & and KX = 90° — B.
Let e denote the obliquity of the ecliptic; it is the angle between
the radii CM and CR; thus the arc RM = ¢. But KM = 90° and
PR = 90°; hence KP = e. Applying the formulae A, B and C,

we have s KX = cos PX cos KP + sin PX sin KP cos KPX,

sin KX sin PKX = sin PX sin KPX,
sin KX cos PKX = cos PX sin KP — sin PX cos KP cos KPX,

or gin B =sin§ cose — cos dsinesing...... (10),
cos fecosA=cosdcosa ... (11),
cos Bsin A =sindsine + cosdcosesing...... (12).

By a similar process, the right ascension « and the declination
3 can be expressed in terms of 8, A and . The formulae are

sin 8 = sin B cos € + cos Bsin e sin A,
c0s 8 cos @ = cos B cos A,

cos dsin @ = — sin Bsin € + cos S cos e sin A,
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27. Sidereal time.
Let the earth and the celestial sphere (centred at C) be drawn
asin Iig. 22; let g denote the position of Greenw ich on the earth’s
surface and I that of any other place. The angle between the
meridians plg and pgq is, of P
course, the longitude (terres- '
trial) of [; in this instance [ is |
west of Greenwich. Produce :
Cyg, Cl to meet the celestial !
sphere in G and L. Then G ;
and L are thezenithsof Green-
wich and ! respectively. If X
is the position of a heavenly
body on the celestial sphere

at a given moment, GPX is
the hour angle of X for an
observer on the Greenwich

meridian and LPX is the hour Q
angle for an observer on the Fig. 22.

meridian of I. But GPX = LPX + GPL and GPL = gpl; hence
H.A. of X at Greenwich = H.A. of X at [ + long. (W) of !

In this formula we suppose that the longitude of ! is expressed
in time-measure (15° = 18; 15’ = 1m; 15" = 15), The formula (13)
is a general one and it clearly holds for the vernal equinox 7.
We thus obtain—since sidereal time is the hour angle of 7—

Sid. time at Greenwich = Sid. time at [ + long. of [ ...(14),
the + sign being taken when [ is west of Greenwich and the
— sign when s east of Greenwich. The sidereal time at [ is called
the local sidereal time (L.S.T.).

28. Mean solar time.

The sidereal day is an observatory unit of time and is ob-
viously unsuited to the regulation of everyday affairs which in
the main are governed according to the position of the sun in
the sky. When the sun is on the meridian of a place, it is
apparent noon there; when the sun is next on the meridian, an
apparent solar day is said to have elapsed. This interval can be
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measured, for example, by means of a clock keeping accurate
sidereal time and it is found that an apparent solar day is not
constant. We have seen that, relative to the earth, the sun
appears to describe an elliptic orbit around the earth and the
rate at which its direction in the orbit changes is not constant.
It follows that the sun appears to describe the ecliptic at a non-
uniform rate; in other words, the sun appears to move somewhat
irregularly against the background of the stars. Due to this and
also to the fact that it is moving in the ecliptic and not along the
celestial equator (the fundamental great circle with which the
measurement of hour angle or time is associated) its right ascen-
sion does not increase uniformly. The average apparent solar
day throughout the year is called a mean solar day and it is
convenient to define the mean solar day as the interval between
two successive transits across the observer’s meridian of a
fictitious body called the mean sun. The mean sun is assumed to
move in the celestial equator at a uniform rate around the earth.
This rate is such that the mean sun completes a revolution in
the same time as that required by the sun for a complete circuit
of the ecliptic. According to this definition, the right ascension
of the mean sun (denoted by R.A.M.s.) increases at a uniform rate.

Now if we regard the mean sun as an ordinary celestial body,
then at any given moment, we can assume that it has a particular
hour angle (H.4.M.8.) at a given place on the earth’s surface. At
this moment we shall assume that its right ascension is known;
hence by (8) or (9),

Sid. time = H.A.M.S. + R.AM.S. ... (15).

The time shown by a mean time clock, say, at Greenwich at any
moment is simply related to the value of H.a.M.8. there, and if
the R.A.M.s. is known, (15) forms the basis of comparison between
the sidereal and the mean time clocks. The mean sun is related
to the true sun according to certain principles which will be
discussed in a later chapter. Meanwhile it will be sufficient to
state that the difference at any moment between the right
ascension of the mean sun and of the true sun can be calculated;
this difference is called the equation of time* (denoted by E). We
thus have E=RAMS. —RA ©

* In older text-books the equation of time is defined by £ = R.A. ® = B.A.M.S,,
but the convention of (18) is generally adopted.
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in which R.A. ® denotes the right ascension of the true sun.
E can be positive or negative and varies in a complicated manner.
The detailed computation of E is discussed in section 91. In
Fig. 23, let us suppose that at a given instant the right ascension
and declination of the sun (®) are known. Let 7" be the vernal
equinox at this instant so that RPT or RY is the hour angle of 7,
that is, the local sidereal time. If this is known, the position of
7 on the celestial sphere can be definitely specified. The position
of the sun can then be indicated on the celestial sphere.
PK = R.A. @ and K @ is the sun’s declination and both of these

are supposed known. Suppose the value of E is positive; then
by (16), R.a.M.5. is greater than R.A. @, and if E is known the
position of the mean sun M at this instant can be indicated in
the diagram. RPM or RM is the hour angle of M (H.A.M.8.).
It is clear from Fig. 23 that, as EK = RM + MK, then
HA.®@=HAMS.+ E ... 1),

which is an important relation connecting H.A.M.8. and H.A. @,
enabling us to calculate the hour angle of the sun (1.A. ®) when
the other quantities are known. When the mean sun is on the
observer’s meridian, it is local mean noon there. When the mean
sun is on the meridian of Greenwich, it is Greenwich mean noon.
The hour angle of the mean sun at Greenwich will be denoted in
this book by c.M.A.T. (Greenwich mean astronomical time). When
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the mean sun is at T—the H.A.M.S. being then 12P—it is said to
be mean midnight. When ¢.M.A.T. =12, it is mean midnight at
Greenwich and this is the moment when a new civil day at
Greenwich begins. Mean time reckoned from midnight at Green-
wich is called Greenwich Mean Time (6.M.T.)*, now designated
Universal Time (u.t.). It is clear that

U.T.=G¢MT.=GM.A.T. 4120 .. (18).
Similarly, for any place keeping the mean time appropriate to
its meridian, we shall have
Local m.T.=Local Mm.a.T.+120 ..., (19)
=H.AMS.+120 (20).

Formula (14) gives the relation between sidereal time at
Greenwich and the sidereal time at any place I, and it is clear
from Fig. 22 and from (18) and (19) that we shall have a similar re-
lation between mean time at Greenwich and the mean time at the
place; it is

U.T.=G6.M.T.=Local Mm.T. +long. of I ...... (21),
the + sign being taken when the longitude of I is west and the
— sign when the longitude is east.

Confusion would be inevitable if every place kept the local
mean time appropriate to its meridian, and so in small countries
a standard mean time is chosen, corresponding to a particular
meridian of longitude (the standard meridian), which is in use
uniformly throughout the country. In Great Britain, the
standard mean time is ¢.M.T. In extensive countries such as
Russia and the United States of America, two or more standard
times are in use in zones of longitude; within each zone, a stan-
dard time appropriate to a definite meridian within the zone is
kept. The standard time, based on a particular meridian, we
shall designate zone time (z.T.). This system is, in effect, kept by
ships at sea which are generally less troubled by geographical
complications. We have, as in (21),

U.T.=6.M.T. =Z.T. x long. of standard meridian ...{(22).

* Before 1925, a.m.T. was used in the almanacs to gignify Greenwich mean
astronomical time (G.M.A.T.). Beginning with 1925, the time used was G.M.T.
(=g.c.T.) later superseded, as stated above, by U.T. Recently, for reasons stated in
Appendix E (p. 424), v.T. has been replaced in the almanacs by Ephemeris Time
(E.T.). The difference between U.T. and E.T. is so slight that we shall use the former
generally, unless otherwise stated.
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29. Ezxample.

We shall use as an illustration the following problem of a
common and important type. At a placeinlongitude 163° 14’ E,
it is required to calculate the hour angle of the sun (H.A. ®)
corresponding to an observation made at zone time 8b 46m 22s
on 1975 March 10; the zone time is that of the standard meri-
dian of 165° E (11 E).

The first step is to derive the U.T. at which the observation
was made. We have

Zone time 8t 46m 228  March 10

Long. of standard meridian — 110
U.T.=21h 46m 225 March 9

We subtract 11 from the zone time in accordance with formula

(22). (Clearly, we can write the zone time as 32" 46m 22s
March 9.)

We next find the local mean time (that is, the mean time
corresponding to the longitude of the place) by means of (21).
U.T. 21b46m 228 March 9
Long. of place (E)+ 108 52m 568
Local m.t. =32k 39m 188 March 9
= 8b 39m 188 March 10

Formula (20) enables us to write down the H.a.M.s. (the hour
angle of the mean sun af the place); it is
H.A.M.S. =200 39™ 188,

The next step is to apply the equation of time to H.a.:LS.
From the Astronomical Ephemeris it is found, by interpolation,
that at U.T. 21t 46m 228, March 9, B = —10™ 368,

Thus, by (17), H.A. ® = 20h 39m 185 — 10m 368,
or H.A. @ = 20b 28m 428,

30. Hour angle of a heavenly body.

To calculate the hour angle of any heavenly body (X) other
than the sun, we proceed as follows. By (8) and (14) we have
LS.T. = HA. X+RA. X

and G.8.T. = LS.T. /,
whence HA.X+RA. X=GS.T.+! . (23).



46 THE CELESTIAL SPHERE

In the Astronomical Ephemeris, the Greenwich sidereal time is
tabulated at O u.r. for each day throughout the year. Since,

by (15
y (13), Sid. time =H.A.M.S. + R.A.M.S.,

we have

R.AM.S. at U.T. 0" for any day = the tabulated Greenwich
sidereal time at U.T. O! for that day — 12,

The R.A.M.S8. increases uniformly of the rate of 3™ 568-56 per mean
solar day or at the rate of 98-856 per mean solar hour ; by means of
this we can calculate the r.A.M.8. for any given U.T.

Tables are given in the almanacs for facilitating this cal-
culation.

The use of the formula (23) is best illustrated by means of an
example. It isrequired to calculate the hour angle of Betelgeuse
(« Orionis) at zone time 18k 35m 468 on 1975 January 26, in a
place whose longitude is 64° 28’ 49" W. (Zone + 41: this means
that the standard meridian of the zone is 42 W or 60° W.)

Zone time 18h 35m 468 January 26

Zone + 4b
U.T. 22h 35m 468 January 26
Sid. time correction 3m 43s (3m 568-56 per day)
22h 39m 298
G.8.T. at O® U.T. 8h 18m 398  From A.E.

G.8.T. 30h 58m (8s
Longitude of place (W) — 4h 17m 558
LST. 260 40m 138

Subtract r.A. of Betelgeuse 5h 53m 498 From A.E.

H.A. of Betelgeuse = 20h 46m 24s

31. Rising and selting.

Consider Fig. 24. The heavenly body X is said to set at F, the
point where it reaches the horizon. Then the zenith distance is
90°, that is, ZF = 90°. Let H be the hour angle of X at setting,
so that ZPF = H. Also PF = 90°—3. Let 4 be the azimuth
at setting (PZF) and ¢ the latitude,
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From formula A,
cos ZF = cos PZ cos PF + sin PZ sin PF cos ZPF,

or cos 90° = sin ¢ sin & + cos ¢ cos d cos H,
80 that, as cos 90° = 0,
cos H=—tandtand ... (24),

from which the hour angle at setting can be calculated.
Also from A,

cos PF = cos PZ cos ZF + sin PZ sin ZF cos PZF,

or sin § = 0 + cos¢cos 4,
whence cosd =sindsecd ... (25),
from which the azimuth at setting can be calculated.

Z

Fig. 24,

In north latitudes, it is seen either from the equations (24) and
(25), or from Fig. 24, that if the declination is north the hour
angle at setting is between 61 and 12k and that the azimuth is
less than 90° (that is to say, the body sets between west and
north); and that if the declination is south, the hour angle at
setting is between OP and 6" and the body sets between south and
west. The problem as it concerns the rising of a heavenly body
can be treated in a similar way. When the observer’s latitude is
south, the procedure is similar.
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If the heavenly body concerned is a star, the hour angle at
setting gives the interval between meridian transit and setting
expressed in sidereal time. If the heavenly body is the sun, the
interval between meridian transit and setting is expressed in
apparent solar time. But during this interval the relative
positions of the sun and the mean sun will alter but little (in
other words, the change in the equation of time can be usually
disregarded unless extreme accuracy is desired), and so the
interval can be described, for all practical purposes, in terms of
mean time. Thus, if from formula (24) the hour angle H at
setting is found to be 72 30m, then the interval between the sun’s
meridian transit and setting is 7t 30m mean solar time. Leaving
out of consideration any change in the sun’s declination, we infer
that this is also the interval between sunrise and meridian
passage. Thus the sun is above the horizon for 15® and below the
horizon for 92, Actually, of course, the sun’s declination is
generally slightly different at sunrise from that at sunset owing
to its motion along the ecliptic and the effect can be calculated.

Formula (24) shows that if ¢ > 90° — 3, cos H is, numerically,
greater than unity, so that the equation fails to give a value of H.
In this instance, the sun does not set in latitudes and on days
such that ¢ > 90° — 8, as may also be verified from a diagram.
On midsummer day, the sun’s north declination is greatest; it
is then 23}° N approximately, so that in latitudes north of
661° N, the sun is above the horizon on that day without
setting.* At the north pole, since ¢ > 90° — 8, provided & is
north, the sun is above the horizon continuously between
March 21 and September 21; for the remaining six months it is
below the horizon. The parallel of 661° N is called the Arctic
Circle and the corresponding parallel in the southern hemisphere
(661° S) is the Antarctic Circle.

32. Rate of change of zenith distance and azimuth.

Let X in Fig. 25 be the position of a heavenly body on the
celestial sphere at a certain instant and Y its position a little
later. Assume the declination to be constant so that X and ¥
lie on the small circle LM (the parallel of declination), of which
P is the pole. Draw the great circle arcs PX, PY,ZX,ZY. Let

* Hence the expression, the midnight sun.
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UX be an arc of a small circle of which Z is the pole; then
ZX =ZU. Let ZPX = H and ZPY=H+ AH, so that
XPY = AH. Let PZX= A and XZY = A4; ZX =z and
ZY =2+ Az. Then UY = Az. Since XY is supposed to be a
small arc, we may assume that UXY is a plane triangle, right-
angled at U.

Fig. 25.

As the heavenly body moves, owing to the diurnal motion,
from X to Y its zenith distance increases by Az, its hour angle
by AH and its azimuth decreases by A4.

By formula (1) of section 3 (p. 4),

XY = XPY sin PX = AH cos$5,
and UX = XZYsinZX =AAsinz.

Let n denote the angle PXZ; 4 is called the parallactic angle.
Then, since Y is very close to X, we may take PYZtobe 7. Then
UY=XYcosUYX,

and UX=XYsinUYX,
Now P1Z = 7 and PYX = 90°; hence
UY =A2=AHcos 8sinn,
and UX =AAsinz=AH cos3cos.
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Now in the spherical triangle PXZ, by formula B,
cos § sin n = sin 4 cos ¢,
and, by formula C,
cos § cos 7 = sin ¢ sin z — cos ¢ coszcos 4.
Hence Az =AHsginAcos¢ . (26),
and A4 = AH (sin ¢ — cos pcotzcos 4) ...... (27).

In these formulae, AH, Az and AA are supposed expressed in
circular measure. Let AH® denote the number of seconds of time
in AH radians; let Az”/, AA” denote the number of seconds of
arc in Az, AA radians respectively. Then, by the principles
of section 15, p. 22,

Az =Az"sin1"; AAd=AA"sinl1"; AH = AH®sin 18,
and, since sin 18 = 15 sin 1", we have
Az = 15AH®.sin A cos ¢,
AA4" = 15AH® (sin ¢ — cos ¢ cot z cos 4).

If AH® = 1 second, these equations express respectively that the
zenith distance increases at the rate of 15 sin 4 cos ¢ seconds of
arc per second of time and that the azimuth is decreasing at the
rate of 15 [sin ¢ — cos ¢ cot z cos A] seconds of arc per second of
time.

If the heavenly body is a star, the rates of change of zenith
distance and of azimuth are expressed in terms of seconds of arc
per second of sidereal time; in the case of the sun, the rates are
in terms of seconds of arc per second of apparent solar time or
with sufficient accuracy, of mean solar time.

The results just obtained can be easily derived by calculus
methods, as follows. From the triangle PZX, by formula A,

cos z = sin d sin ¢ + cos § cos ¢ cos H,

in which 8 and ¢ are supposed constant. By differentiation

. dz .
gin z —— = cos § cos ¢ sin H,

dH
By B, sin z sin A = sin H cos 8 eeee.(28);

o ‘%21 = sin 4 cos ¢ veeee.(29),
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which is essentially the same as (26). If z and H are expressed
in terms of seconds of arc and seconds of time respectively,

dz
77 = 15sin 4 cos ¢.

Differentiate (28)—in which z, 4 and H are variables—with
respect to H. Then

d4
smzcosAm— cos H cosd — sin 4 COSZEH

= cos I1 cos 8 — sin? 4 cosz cos ¢,
by means of (29).
Also, by C,

c0s 8 cos H = cos 2z cos ¢ — sin zsin ¢ cos 4;

a4 oo
.. sinzcos 4 di = cos? 4 coszcos ¢ — sinzsin pcos 4

dA

S dHS T (sin ¢ — cot z cos A4 cos ¢),
or, if A and H are expressed in seconds of arc and seconds of
time respectively, this last formula becomes

da .
=" 15 (sin ¢ — cot z cos A4 cos ¢),

which is that already derived.

33. Twilight.

After the sun has set, indirect sunlight, reflected and scattered
by the upper atmosphere, still continues to illumine the earth,
diminishing however as the sun sinks farther below the horizon.
When the sun is 18° below the horizon (its zenith distance is
then 108°) this indirect illumination has become quite negli-
gible. The interval between sunset and the time when the sun’s
zenith distance has increased to 108° is called the duration of
evening twilight. In a similar way, we define the duration of
morning twilight. The duration of evening twilight, for example,
can be calculated as follows. In Fig. 26, LF M is the sun’s parallel
of declination (as no great accuracy is required in this particular
calculation, we ignore changes in the sun’s declination during
the particular day concerned) and JGK is a small circle, parallel
to the horizon, every point of which is 108° from Z. This small
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circle intersects the parallel of declination in G. Then the interval
of time required for the sun to travel from F to @, that is FPG,
is the duration of evening twilight. Now FP@ = PG ~ ZPF;
as ZPF is the hour angle of sunset it can be calculated by
formula (24). Now in the triangle ZPG, we have: ZG = 108°,
PZ = 90° — ¢ and PG = 90° — 3; hence, by A,
cos 108° = sin ¢ sin 8 + cos ¢ cos & cos zba,

which enables the calculation of ZP@ to be made. The value of 3,
used in this formula, depends of course on the particular day of

Fig. 26.

the year concerned. Thus the duration of evening twilight is
found.

It is clear from Fig. 26 that evening twilight will come to an
end if NM is greater than NJ, in other words, if at apparent
midnight the sun is more than 18° below the horizon. Now
NI'=90°—¢ and MT =8; .. NM = 90°— ¢— 8. Hence
evening twilight ends if 90°— ¢ — 8 > 18°, or if 8 < 72° — ¢.
For example, in latitude 60° N, twilight will end if 8 < 12°.
When 3§ is greater than 12°, the sun’s zenith distance is less than
108° between sunset and apparent midnight, and also between
apparent midnight and sunrise; therefore, in 60° N it is never
completely dark on those days of the year when the sun’s
declination exceeds 12° N. These days are between April 23 and
August 22.
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EXERCISES
[Symbols used:
¢ = latitude of observer, z = zenith distance,
A = azimuth of heavenly body, € = obliquity of the ecliptic.]

H = hour angle,

1. If 2, and 2, are the zenith distances of a star on the meridian and on the
prime vertical respectively, prove that

(i) cotd = cosecz, seczy — cot z,,
(ii) cot¢ = cot z, — cogecz, cos z,,
where 5 is the star’s declination. [Lond. 1929.)

2. If ¢ is the angle which a star’s path at rising makes with the horizon,
prove that

€08 ¢ = sin ¢ sec 3.
3. If h, H are the hour angles of a star, of declination + 8, on the prime

vertical (west) and at setting respectively, for a place in north latitude, show

that cos h cos H + tan? 8 = 0.

Calculate the interval (correct to 0-1 minute of mean solar time) for a place

in latitude 36° N between the passage of Aldebaran (declination +16°22’)
over the prime vertical (west) and its setting. [Lond. 1926.]

4. A boattravelling at 5 knots is steered continually towards a star. Prove
that the distance travelled towards the west is approximately § (z,° — 2,°) sec ¢
wiles, where z,° and z,° are the initial and final zenith distances, in degrees, of
the star and ¢ the mean latitude, [®.T.1017.]

5. If the colatitude is C, prove that
C = z + cos™! (cos z sec y),
where tan x = cot & cos H,
8in y = cos & sin H,
H being the hour angle.

6. Find to the nearest second of mean solar time the interval between the
passages across the meridian of two stars whose declinations are 60° N and
60° S, and whose distance apart is cos™ (— §). (Assume that 1 year is 365}
days.) [M.T.1923.]

7. If the declination § of a star is greater than the latitude ¢, prove that the
star’s greatest azimuth east or west is

8in~! (cos & sec ¢).

8. At u.r. 21t 56m on 1927 March 28 a bright star was observed through
a break in the clouds as follows: altitude {approximate) 37° 10'; azimuth 136°
West. The observer’s position was: lat. 50° N, long. 7° 15" W. Identify the star.
(The R.a.m.8. is Ob 21m approximately.) [{Lond. 1927.]
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9. The r.a. and declination of Capella at upper transit at Greenwich on
1930 May 30 were 5% 11m and + 45° 55”. Find the altitude and azimuth of the
star at the same instant at New York, Columbia University Observatory,
Latitude 40° 49’ N, Longitude 4® 56= W,

10. In north latitude 45° the greatest azimuth of a circumpolar star is 45°
(east or west). Prove that the star’s declination is + 60°.

11. If the latitude ¢ and the declination of a star be known, show that the
error in the deduced value of the hour angle caused by an error of size Az in
the zenith distance is Azcosec A sec ¢, where A is the star’s azimuth.

12. If the cbserver increased his latitude by an amount A¢ while the hour
angle of a star increased by AH, show that the change in altitude is

Ad cos A — AH sin 4 cos ¢.

13. a and a + Aa are the altitudes of the sun observed simultaneously at
two neighbouring places on the same meridian. If ¢ is the latitude of one of
the places and 3 is the sun’s declination, prove that the difference of latitude
between the places is approximately

Aa cos a cos ¢/(sin & — sin a gin ¢). [Ball.]

14. Two stars (a, 8) and (a’, §’) are observed at the same moment on the
same vertical circle. If H is the hour angle of the first star, prove that

cos (x + H) = tan ¢ cos y cot 3,

where x is given by
s
tan }(a— o — 2 = P (=9

= gin (5 9) Ot H@ — o)

15. If z is the length of the shadow cast on level ground by a vertical pole
at apparent noon at an equinox, and if y is the length of shadow cast by the
same pole at the summer solstice when the sun is on the prime vertical, show

that z =ytany tang,

where sin ¢ = sin € cosec ¢. [Lond. 1928.]
18. A straight wall of height % runs in the direction 8 degrees west of south.

Prove that at an equinox the wall casts no shadow when the sun’s hour angle

H is given by tan H = sin ¢ tan 0,

and that at apparent noon the breadth of the shadow is A tan ¢ sin 4.

17. An observer in latitude 50° sees a star set due west behind a low ridge
a mile away, which slopes down to the north at an inclination of 30° to the
horizontal. Prove that by stepping a yard to his right he will see the star foi
about 22 seconds longer, [M.T. 1913.

18. Two places are in the same latitude and the polar distance of the grea
circle through them is equal to the sun’s declination. Prove that at these place.
the length of the night is equal to their difference of longitude.
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19. Let a, 8 be the co-ordinates of a star with respect to a great circle S, and
a’, & the co-ordinates of the same star with respect to another great circle §".
If ¢ be the inclination of 8’ to § and if the ascending node of S” on § has co-
ordinates (4, 0) in the first system and (', 0) in the second, show that

cos 8’ cos (&’ — §') = cos 8 cos (a — 6),
€08 8’gin (a’ — 8’) = sin Ssint + cos & cos ¢ 8in (a — 6),
8in &' = sin 8 cos 4 — cos S sin i sin (a — B).

If a =75° 8 =15° 6= 215° 0’ = 115°, & = 23° 30, show that from the last
equations o’ = 327° 12/, & = 29° 0".

20. Show that if a is the altitude of the pole star, H the hour angle and p (in
seconds of arc) the polar distance, the latitude is approximately given by

¢=a—pcos H+ }p?sin® H tan a sin 1”.
21. A heavenly body (declination §) is at a small angle H from the meridian.
Prove that the zenith distance z is given approximately by
2 = ¢ -3+ ay = Qg
where o, (expressed in minutes of arc) is given by
2cosgeosd . H
@y = sm(¢ 5) sin’ cosecl
and ay = }a,% cot (¢ — 3)sin 1",

22. If a is the sun’s altitude in the prime vertical at a place in latitude ¢

and L is its longitude, prove that
¢ = sin~! (sin L sin e cosec a). [Ball.]

23. Prove that, in latitude 45°, the interval between the moment at which a

star’s azimuth is 90° east and the moment of setting is constant.

24. If 5 be a star’s declination and 4 its maximum azimuth, show that in
t seconds of time from the moment when the azimuth is A the azimuth has

changed by 3 15* sin 1" sin® § tan 4 seconds of arc.
25. If 5 is the parallactic angle and ¢ and § are constant, prove that

(4] dn = — 008 ¢ cos 4 cosec z;

dH
. 4%z dy
(ii) F170 —-chosscosm

i) 24 0os 8 cos z cos dz + sin zsin dy
W) = ~ g, \©02 % gy "
26. If H is the hour angle of a star at rising, show that
H cos(¢—3)
3 00819 T 9 )
tan 2 cos{$+39)
27. At a place in north latitude ¢, two stars 4 and B (declinations 8 and §,
respectively) rise at the same moment and A transits when B is setting. Prove

thas tan ¢ tan 8 =1 — 2 tan? ¢ tan? §,,
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28. If two stars (a, 8) and (a,, 8,) rise at the same moment at a place in
latitude ¢, show that
cot? ¢ sin? (o, — a) = tan®§ + tan® 3, — 2 tan & tan 8, cos (a, — a).
(Ball.]
29. Ata placein latitude ¢ the sun is observed to rise A hours before apparent
noon, and the next day it rises m minutes later. Its declination on the first day
is 8. Show that the distance in minutes of arc between the two points of rising

B 16m cos® § cosec ¢. [Coll. Exam.}

30. If evening twilight ends when the sun’s centre is 18° below the horizon,
show that at the equator the duration of evening twilight is given in hours by

1;? sin~1 (sin 18° sec 3).

Use this formula to calculate the duration of evening twilight at the summer
solstice. [Lond. 1930.]

31. Show that at a place in latitude ¢ the shortest duration of twilight,

expressed in hours, is #, sin~1 (sin 9° sec ¢),

where sin—1 (sin 9° sec ¢) is expressed in degrees. [Ball.]

82. If twilight begins or ends when the sun is 18° below the horizon, show
that all places have a day of more than twelve hours, including twilight, so long
as the declination of the sun is numerically less than 18°,

83. If the day is considered to begin and end when the sun is at an angle ¢
below the horizon, show that the shortest day will not occur at the winter
solstice if the latitude is less than $, where

sin ¢ = sin e sin 8,
and ¢ is the obliquity of the ecliptic. [M.T.1917.)

34. Assuming that the sun travels uniformly in the ecliptic, completing a
revolution in 365 days, show that the number of nights in which there is twilight
even at midnight at a place in latitude ¢ is the integer next greater than

§3cos™! {cos (¢ +18°)/sin ¢},
twilight beginning or ending when the sun is 18° below the horizon.
[Coll. Exam.]

85, If 0 denotes the sun’s depression below the horizon at the end of evening
twilight, and 7, n" the parallactic angles at end of twilight and at sunset
respectively, prove that the duration (T') of twilight is given by

2 sin® g cos?¢ =1— cos 8 cos (n" — q).

38. The right ascension of a star is 5 49m and its declination is + 7° 23/,
and the obliquity of the ecliptic is 23° 27’. Show that the longitude and latitude
of the star are respectively 87° 10, — 16° 2,

87. Two stars (a,, 8,) and (ay, 8,) have the same longitude; prove that

sin (o] — ag) = tan ¢ (cos e, tan 3 — 03 o4 tan §,).
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388. A star of right ascension a and declination 8 has a small latitude 8.
Prove that the longitude of the sun, when its R.A. is o, differs from the longitude
of the star by g sin 3 cot a approximately.

39. Show that the obliquity of the ecliptic can be determined by making
observation of the sun’s declination 8 at a noon near the summer solstice by
means of the formula e = 8 + ¢? sin 23, where ¢ is one-half the defect from a
right angle of the sun’s right ascension. [M.T. 1924.]

40. The pole of the Milky Way is at r.a. 122 48m Dec. + 27°, About what
dates will the sun pass through the Milky Way? (Obliquity of the ecliptic
= 23°27".) [AL.T. 1925.]

41. A star is displaced a small amount dr towards a point O on the celestial
sphere with equatorial co-ordinates (ay, 8,). Show that the resulting changes in
the star’s equatorial co-ordinates (a, 8) are given by

cosdda = cosdsin (a — ag) cosecrdr,
d3 = (cosd,ysindcos (a — ay) — 8ind, coss) cosecrdr,

where r is the arc length on the celestial sphere from the star to the point O.
[Glas. 1974.)

42. Prove that the zenith distance z of the north pole of the ecliptic is given
by
z = cos~1(cosesing — sinecos ¢sinT).

Here e is the obliquity of the ecliptic, ¢ is the latitude of the observer, and T is
the local sidereal time.



CHAPTER III
REFRACTION

34. The laws of refraction.

In astronomical observations, the light from the particular
heavenly body observed has to pass through the earth’s atmo-
sphere before reaching the observer, and during its passage aray
of light suffers a change in direction, owing to refraction, the
amount of which depends on the physical characteristics of the
atmosphere and on the altitude (or zenith distance) of the body
concerned. Itisthusnecessary,
at the outset, to eliminate from
the observations the effects of
our terrestrial atmosphere on
them. From the study of me-
teors thededuction is made that
the atmosphere extends to a
height of at least 100 miles, for
even at that height the friction
of the air on a rapidly moving
meteor is sufficient to render
it luminescent. But beyond a
height of about 40 miles the
air is so tenuous that it has
an inappreciable effect on the
course of a ray of light.

We shall first state the laws E
of refraction.

Consider (Fig. 27) a ray of Fig. 21.
light AB passing through a transparent medium M, (such as
air)and falling at B on a slab, with parallel plane faces, of another
transparent medium M, (such as glass). In the medium M, the
path of the ray will be along some such line as BC, different in
direction from 4 B; the ray is said to be refracted at B. Let YBX
be perpendicular to the slab at B. The angle ABX (denoted by 6)
is called the angle of incidence and the angle Y BC (denoted by ¢)

9|D
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the anzle of emergence. The laws of refraction are: (i), the inei-
dent ray AB, the rcfracted ray BC and the perpendicular at B
to the surface separating the two media M, and M, lie in the
same plane; (ii), the relation between ¢ and 0 is

sin 0

g{;(-ﬁ:[l'l ......(l),
u, being a constant depending on the optical properties of the
two media concerned. In this instance, y, is called the index of
refraction for the two media M, and M,; its value can be deter-
mined by laboratory experiment,

Let the ray BC now pass from the medium M, into the
medium M,. The angle of incidence is now ¢ and the angle of
emergence is . Then

sin ¢

S_El,b = [ ......(2),
where p is the refractive index for the two media M, and M,.
At D, we shall suppose that the ray emerges into the medium
M,. Its path DE in M is parallel to its original direction 4B in
the same medium. The path of the ray is reversible, that is to
say, a ray in the direction ED will be refracted, at the surface
between the media 3/, and M,, along DC. Hence

sin 8

glﬂ_lll =My seesse (3),
where p, is the index of refraction between the media 4/, and
M,. From (1) and (3), we have by division

sin ¢ _Ha
sing gy’
or By Sin ¢ = p,y sin eeeen(4).

It follows from (2) that p = po/p,.

Regarding M, as a standard medium, we can define g, simply
as the refractive index for medium M, and p, for medium M,,
and the values of p, and p, may be supposed known. Consider
now only the two media M, and M, in Fig. 27, BC being a ray
in M, incident at C on the bounding surface between M, and M,
and CD the rayin M,. ¢ is the angle of incidence, i the angle
of emergence, and the relation between ¢ and ¢ is given by
formula (4).
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85. Refraction for small zenith distances.

As the density of the air diminishes with increasing height
above the earth’s surface, it is convenient to regard the atmo-
sphere as made up of a large number of thin spherical layers,
concentric with the earth’s surface regarded as spherical,
throughout each of which the density and other physical
characteristics are uniform. The simplest case in the investiga-
tion of astronomical refraction occurs when the heavenly body
observed—for example, a star—is nearly overhead; in this

S
4
z M M
4 - P B
M, Y 7 Mn
C D
Rpa h 2
E Mn-—v " My
4
// K~zn_2
’
2 ’
M, m,
X Y
AT
Mo M,
(8] Earth’s Surface
Fig. 28.

instance we can ignore the curvature of the atmospheric strata
through which the rays from the star pass and thus we can
regard their bounding surfaces simply as a series of parallel
planes. Let there be n + 1 parallel layers (of which only a few are
shown in Fig. 28) and let AB be the upper effective limit of the
atmosphere beyond which the air, owing to its extreme tenuity,
is ineffective in causing refraction. Each layer hasits own optical
properties and, in particular, its own index of refraction. Let
the medium above 4B be denoted by M, the layer between CD
and AB by M,, and so on, with the corresponding refractive
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indices p, ft,, iy, -+ Mo, the last being the refractive index for
the lowest layer M. We can regard M as the standard medium
—effectively, it corresponds to a vacuum—and so we can put
p = 1. Let z denote the angle of incidence, at the surface 4B,
of a ray from the star that finally reaches the observer at O.
Then z is called the true zenith distance of the star; if there were
no atmospherical refraction the star would be seen by the
observer in the direction OT, which is parallel to PS. Applying
formula (4) we have for the successive pairs of layers the fol-
lowing series of equations (the notation is indicated in Fig. 28):
peinz = p, sinz,,
or, since p = 1, sinz = p, sin z,,
o8N 2y = p,_y8iN 2, _4;
Py SINZp_y = p, o8I0 Z, 5,

py 8inzy = pysin g,
in the last of which { is the angle between the direction of the
zenith OZ and the final element OQ in the path of the ray. {is
thus the observed zenith distance of the star. From these equa-

tions we have, clearly, sin z = g sin ¢ (5);
= o ...... ')

o is the index of refraction of the air at the earth’s surface.
From the first law of refraction it is evident that the path of the
ray through the various strata lies in a vertical plane. The values
of the refractive index increase from p in M continuously to
po in M, corresponding to the increase in the density of the
atmospherical layers from M downwards; accordingly, it follows
from (4) that the angles z, z,, 2,4, ... %, { form a decreasing
sequence and the path of the ray is thus bent in the way indi-
cated in the diagram. In particular {isless than z, that is to say,
the star is observed nearer the zenith than it would be if the
atmosphere were non-effective as regards refraction. The angle
z— { is called the angle of refraction; denote it by R. Then (5)

becomes sin ({ + R) = pysin ¢,
or sin £ cos B + cos { sin B = p,sin {.

Now Ris a small angle and we can write cos B = 1 and sin R= R
(R being supposed expressed in circular measure). Thus

sin { + Rcos { = pysin ¢,
or R=(py— 1) tan { eeerns(6).
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We thus have the result that, at small zenith distances, the angle
of refraction is proportional to the tangent of the observed
zenith distance. Now p, is the index of refraction of the air at
the surface of the earth, and its value will be dependent on the
density and temperature at any given time. The standard condi-
tions are taken in practice to be: barometric pressure = 760 mm
and temperature = 10° C.; the refraction is then called mean
refraction. For these conditions, x,— 1 is approximately 0-00029,
so that R is approximately 0-00029 tan { or, in seconds of arc,
206265 x 0-00029 tan {. The coefficient of tan { is more ac-
curately determined by means of astronomical observations
and the value usually adopted is 58”-2; we then have

R =58"2tan{.

The coefficient of tan { is called the constant of mean refraction;
denote it by k. Then Rektanl . ).

At any barometric pressure P (in mm Hg) and temperature 7' (in
degrees Centigrade), the corresponding refraction R’ in terms of
the mean refraction R is given by

E_oml L (8).

R 273+T
For many purposes, the formula (7) is sufficiently accurate for
zenith distances not exceeding 45°,

36. General formula for refraction.

When the zenith distance of the body observed is considerable,
the atmosphere through which the rays pass can no longer be
regarded as stratified in plane layers. Assume that the earth is
spherical and that the atmosphere is arranged in spherical layers.
In Fig. 29, let C be the centre of the earth, O the observer and
COZ the direction of his zenith. Let p', p be the indices of
refraction in two adjacent thin layers M’ and M. Let LP be
the section of aray in M’ which finally reaches the observer at 0.
At P it is refracted along PQ. Similarly, it is refracted at the
surfaces between successive layers and the final element of its
path is 70. If the layers are thin, the path of the ray is curved
and the direction in which the observer sees the object is along
OT, the tangent to this curve at 0. The observed zenith distance
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is thus ZéT, denoted by {. Draw the radii CP and CE. Let
GPL = ¢', QPF =, EQP = ¢. Then, since the radius CP is
perpendicular at P to the bounding surface between the layers
M' and M, by the laws of refraction we have

p'sing' =psing L (9).
Now from the triangle CQP, in which CP = ¢’ and CQ = r and
CQP = 180° — ¢, we have

rsing=r'sing ... (10).
Eliminate sin ¢ from (9) and (10); then
ru'sing =rusing ... (11).

This is a general relation Z
which holds for any two —]
contiguous layers and con-
sequently forany twolayers
whatever their heights
above the earth’s surface |
may be. If ry, py, ¢, denote

the values of r, pand ¢ for A
the lowest layer—next the
earth’s surface—we have, B
from (11), —

7 SiN ¢ = 7g pg SiN by .

But r, = a, the earth’s ra-
dius, and ¢, is simply the
angle ZOT or {, the ob-
served zenith distance,
Hence

ru sin ¢ = pyasin {

‘\\N

c

Fig. 29.

Consider now the angle through which the ray is deviated in its
passage from one layer through the next. Produce LP and PQ

to meet OZ in 4 and B respectively, and let ZAP and ZBP be
denoted by @’ and a. Then the angle through which the ray is
rafracted at Pis APBora’ — a; let it be denoted by AR, so that
AR=d¢—a = ... (13).
Let ACP = ¢ and BOQ = 6, and let
Ag=6-6 ... (14).
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Then, assuming that the layers are thin, we can write
QF = EP = rA8.
Also if 7' = r + Ar, then QF = Ar. In the infinitesimal triangle
EQP right-angled at E, we have
EP 1rAf
QE = —A—T- ------
Now, a' =6+ ¢’ and & = 0 + ¢; hence
AR=d"—a=(¢'— ¢)+ (0'—0),
or, if A¢ denotes ¢’ — ¢,
AR=Ad+ A0 ... (16).
Now from (11), writing ' = p — Ap (u decreases as r increases),
we obtain
(r+ Ar) (p — Ap) sin (¢ + Ad) = rp sin ¢,
or (r+ Ar) (p — Ap) (sin ¢ + A¢ cos ¢) = ru sin ,
since A¢ is a small angle.
Omitting products of the infinitesimal quantities Ar, Ap, A
we obtain, after dividing throughout by ru sin 4,
Ar Ap

tan ¢ =

Tt ajeotg=0 (7).
But, by (15),
érf — ABcot 4.

Hence (17) becomes
(A6 + Ag) cot¢—-é:= 0

and, by (16),
AR=A—:ta,n¢ ...... (18).

Now (12) enables us to express tan ¢ in terms of the variables
¢ and r and the constants a, po, {. When this is done, (18)

becomes AR Ap aposin ¢

B (rpt— atpgsint [}
This equation expresses the amount of refraction suffered by a
ray in passing from one spherical layer with index of refraction

g — Ap to the next lower layer with index of refraction p. The
total refraction R due to the whole atmosphere is given by

) d
B =ap,si J o
A N e Iy
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the limits of integration being u, at the earth’s surface and unity
at the highest layer.

Formula (20) is the general expression for refraction. It is to
be noted that the integral involves two variables, r and p. Now
the index of refraction of any layer is dependent on the physical
characteristics of that layer which, in turn, will depend on the
height of the layer above the earth’s surface, that is, in effect,
on r. Before the integral in (20) can be rigorously calculated the
relation between p and r must be specified. This involves the
application of physical laws embracing the pressure, density and
temperature of the air. Unfortunately, our knowledge of the
physical state of the upper atmosphere is insufficient to indicate
the precise dependence of u onr, and we are thus forced to treat
equation (20) by approximate methods.

37. Development of the general formula for refraction.

The height of the atmosphere is small in comparison with the
radius of the earth, and if we write

r
E= l+8 o.....(2l)

we can regard s as a small quantity; it varies from zero at the
earth’s surface to about 0-01 at a height of 40 miles, which may
be regarded as the limit beyond which the air is ineffective in
producing any appreciablerefraction.* Using (21) and neglecting
terms in 2, 3, ete., we can write

(%3 — gt sin? ¥ = © (w2 — p?sin? { + 2sp2)

a
_ 1 2 ., 2in2 —i( _ _s‘lf.___-.
- gt (1 S
Hence (20) becomes
. d ) 8 d
R J“ P — posin J __spudp
o Slnc g (#2— FLOZ sinz{)* Ho z 1 (""2— #02 sin? C)g
_ R, - R, ... (22).

The expansion by the binomial theorem is only valid if 2su?is
small compared with (u? — p,2sin?{), and since pu, and p are
approximately unity it is invalid when the observed heavenly

® The earth’s mean radius is 3960 miles.
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body is on or near the horizon (then { is equal to or close to 90°
and sin { is equal to or close to unity). Consider first the term
R, in (22). It is of the form

of
p(p2— o)t
which is a well-known integral whose value is —sin-? %, Hence,
inserting the limits p, and 1, we obtain #
R, = sin~! (ygsin {) — L.
Now py—the index of refraction of air at the earth’s surface—

is a little greater than unity; denote it by (1+ x), where z is a
small quantity. Then

R, = f (x) = sin7! [(1 + z) sin {] - {,
and by Maclaurin’s theorem, terms in 22, 23, ete. being neglected,

R=f@=fO+2(¥) .

X/ z=0

Now f(0)=sin"1(sin{)~ (=0,

and a _ sin { ’
de  {1— (14 z)*sinz
af
so that <¢7/30)z-o = tan {.
Hence to the degree of approximation indicated
R,=ztan{,

or R = (pp—Dtanl ... (23),

which, on reference to section 35, is seen to be the result obtained
for small zenith distances.
Consider now the second integral in (22), namely,

_ . *e sudp
Ry = posin{ Jl (,u,___——z—- Esnt
In this expression, we regard s as a small quantity varying, as
we have seen, from 0 to about 0-01. Now, by Gladstone and
Dale’s law, we can express p in terms of the atmospheric density

p by p=l+cp . (24),
where ¢ is a constant with a numerical value 0-226. For the air
at the earth’s surface (density p,)

cpo = 0-00029,



REFRACTION 67
From (24), du = cdp,

an equation which expresses the change in refractive index with
atmospheric density. We then have

—ensing [*___sudp_ <
Ry = cpysin g Jo A prsmipt (25).
In this integral, since u and p, are very nearly unity, and s is
small, the value of R, will be little affected if we write p = pg=1
in (25). Then o sd
R2=csin§J ;P—--—»
o (1—sin2{)¥

= ctan {sec?{ Jp‘ sdp eeaees(20).
0
Ps Do 0
Now J sdp = [sp] — J pds
0 0 s’
s s
= [T + jo pds e 27),

in which s’ denotes the value of s at the highest atmospheric
level where, of course, p = 0. Now s = 0 when p = p,, and it

P
follows that [spl, = 0.

Now aJ:'pds=J:,pd(as),

and the second integral is the expression for the mass of a column
of air, of unit cross section, extending from the earth’s surface
to the effective limit of the atmosphere; it is therefore inde-
pendent of the actual law according to which atmospheric
density changes with height. The mass of a column of air is,
however, related to temperature and barometric pressure, and if

we write R,=—Btan{sec?{ = ..... (28),

the quantity — B (which is g x mass of the column considered’

must be regarded as dependent on temperature and pressure
Combining (23) and (28) we obtain the expression for the
refraction in the form

R=(py—1)tan {4+ Btan{ (1+ tan2{),
or R=Atan{+ Btan®{ = ...... (29),
in which 4 has been written for (u,—1)+ B.
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Instead of calculating the values of 4 and B irom the physical
data concerned, it is preferable to assume that the refraction
can be expressed by a formula of the type (29), and to derive the
values of the coefficients A and B from observations of stars.
The numerical expression for the mean refraction (for barometric
pressure 760 mm and temperature 10° C.) is

R =58"16tan { — 07-067tan3{ ...... (30).

The approximations which we introduced in deriving formula
(29) are insufficient when the zenith distance exceeds 75°
approximately. For observations made near the horizon,
special tables of refraction have been prepared (based mainly
on observational data) and are in use in observatories where an
accurate knowledge of the refraction is essential. Among these
may be mentioned the Greenwich Tables (1898) and the
Pulkova Tables (4th edition, 1956).

38. Thedetermination of the constants A and B in the formula (29).

In the next chapter, we shall consider in some detail the
ingtrument by which the zenith distances of heavenly bodies
at upper or at lower culmination can be measured ; meanwhile
we shall take for granted X, X
the practical results of the V4 .
method. Consider a star
at upper and lower culmi- P
nation. Atupper culmina-
tion it is observed at X,;
the displacement due to
refractionis X X, (Fig. 30).
ZX, = { which is obtained
from the observation, and
ZX is the true zenith dis-
tance z, so that

g (900—8)—- (900_ ¢), Fig. 30.
orz=¢— 8. Nowz={+ R, where R is the refraction corre-
sponding to the observed zenith distance {; hence by (29),

¢—8={+Atan{+ Btan®{ ...... (31).

Let [’ be the observed zenith distance at lower culmination.
Then {' = ZY, and the true zenith distance ZY or 2’ is given by
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7= (90°— ¢) + (90°— 8) or 2’ =180°— ¢ — &, Alsoz'={('+R’;
hence we have

180°— ¢ ~8=(¢+Adtan '+ Btan® ' ...... (32).
[f the values of ¢ and & are known accurately, we have two
:quations (31) and (32) in which 4 and B are the only unknowns,
for { and {' have been determined by observation. If we suppose
that 8 is known, we can eliminate ¢ from (31) and (32) and so
>btain 180°— 26 =¢{+{+R+ R ... (33).
Observations of another star will lead to an equation similar in
form to (33), and from this equation and (33) the values of 4 and
B can be determined. As no observation is free from error, such
srrors are incorporated on the right-hand side of (33), thus
vitiating slightly the deduced values of 4 and B. To reduce the
errors in 4 and B to a minimum, a large number (n) of stars are
observed and the n equations of the type of (33) are solved for
A and B by the method of “least squares”.

39. The effect of refraction on the time of sunset.

When a heavenly body is on the horizon at rising or setting
—the zenith distance is then 90°~the numerical value of the
refraction is 34’ (this is called the horizontal refraction). Now the
effect of refraction is to make the body appear nearer the zenith
than it would be seen if the atmosphere were non-existent or
ineffective in deviating rays of light. Hence it follows that at
setting, for example, when the observed zenith distance { is 90°,
the true zenith distance z of the heavenly body is 90° + hori-
zontal refraction, or 90° 34’. If we take the case of the sun, it is
clear that the time of visible sunset is later than the time of
theoretical sunset, which is discussed in section 31 of Chapter 11.
The interval between theoretical and visible sunset is easily
found. Let H be the hour angle when the true zenith distance
of the sun’s centre is 90° and let H + AH be the hour angle when
the sun’s centre is seen on the horizon. Then (= 90° and
2z = 90° 84'. Then we have, as in section 31,

cosH=—tangtand ... (34),
and also, by the cosine formula A,
cos (90° 34’) = sin ¢ sin 8 + cos ¢ cos & cos (H + AH),
which may be written
~ 8in 34’ =sin ¢ sin 8 + cos ¢ cos & (cos H cos AH — sin H sin AH).
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As 34’ and AH are small angles, we can reduce the last equation
to
— 345in 1’ = sin ¢ sin 8 + cos ¢ cos S cos H
—15AH sin 1’.cos ¢ cos 8 sin H,

in which AH is now supposed to be expressed in minutes of time.
Using (34), we find that
AH = 3% sec ¢ sec 8 cosec H minutes ...... (35).

Let us take a simple example. Suppose the latitude is 60° and
3 = 0° (about March 21 or about September 21). H being the
hour angle of theoretical sunset is easily seen to be 62. Hence
from (35), by calculation, AH = 4m.5,

The sun’s declination & which we have introduced intc tke
formulae is the declination of the sun’s centre, and the zenith
distances concerned are the zenith distances of the sun’s centre.
To find the hour angle when the sun’s upper limb just disappears
below the horizon, we notice that the true zenith distance of the
sun’s centre then is 90° + 34’ 4 the angle subtended by a radius
of the sun. The last quantity is the sun’s semi-diameter, which is
tabulated in the almanacs for each day of the year and, for the
purposes under consideration, may be taken to be 16’; thus the
true zenith distance of the sun’s centre under the circumstances
now contemplated is 90° 50’. If AH now denotes the interval
between the time of theoretical sunset and the time of the dis-
appearance of the sun’s upper limb below the horizon, AH is

givenby  AH - 89 gec ¢ sec 8 cosec H minutes.

Hence in latitude 60° when the sun’s declination is zero,
AH = 6m.7, There is a similar interval between visible sunrise
and theoretical sunrise. The effect of refraction is thus to increase
the length of the “day” (by the “day” is here meant the
interval during which some part of the sun is above the horizon)
by about 13} minutes at the latitude and at the dates indicated.

40. Effect of refraction on the right ascension and declination of
a star.

Consider the position X of astar on the celestial sphere (Fig.31).
It is displaced towards the zenith Z by refraction to the position
X'. Through X' draw a small circle of which P is the pole to cut
PX in Y. Since XX’ is small, we can consider XX'Y to be &
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plane triangle right-angled at ¥. Denote the hour angle ZPX
and the north polar distance PX of X by H and 90° — § re-
spectively. X’ is the observed position of the star and let ZPX'
and PX’ be denoted by H' and 90° — &’. It can be supposed
that an observation of the star enables the values of H' and §'

Fig. 31.

to be derived; it is required to find the values of H and 8. From
the plane triangle XX'Y in which % denotes the angle X'XY,

we have X'Y=XX'sing . (36),
and XY =XX'cosyp = ... (37).
Now X'Y=X'PYsinPX' = (H— H')cos¥'.

Also XY =38-34.

Using the simple expression for the refraction in formula (7),
we have XX’ = k tan {, where ZX’' = {. Hence (36) and (37)
become H— H =ktan{secd sing ... (38),
§—8 =—ktanfecosnp = ... (39).
Intheseequations 7 is the parallactic angle PXZ; as X X' is small,
PX'Z will differ little from PXZ and so n may be regarded as

defined by PX'Z. Thus 5 can be calculated from the data by
means of the cosine formula A (we assume PZ = 90° — ¢ to be
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known). Since we have supposed that H' and 8’ can be derived
from the observation of the star, the right-hand sides of (38) and
(39) can be calculated; consequently H and & can be found.
Now if 7 is the vernal equinox the right ascension of the point
X is T4 and of X', TB. If «, o’ denote the right ascensions of
Xandof X',o' —a= AB = H — H'. Hence
¢e—a =—ktan{secd sinngp ... (40).

(40) and (39) thus enable us to calculate the true right ascension
and declination of the observed body.

EXERCISES

1. Find the approximate north latitude where the effect of refraction, at
a time when the sun’s declination is 10° 8, is to lengthen the day by 15 minutes.
(The horizontal refraction is 34".)

2. Assuming that the atmosphere is homogeneous and of height & (Cassini’s
hypothesis), prove that
sin R =252 [
a+h
where a is the radius of the earth.

(u?—2pcos R+ 1)*,

8. If the relation between r and p is ru™t! = constant (Simpson’s hypothesis),
prove that R=1 {;—sin—l <31_“ £>}’
n "
and deduce Bradley’s formula

_2pn1
T g+l

tan (¢ — 3nR).

4. Assuming that the formula for refraction is R = k tan [, prove that the
circular disc of the sun appears, due to refraction, as an ellipse whose semi-major
and semi-minor axes are a (1— k) and a (1 — k sec? 2), where % is expressed in
circular measure, { is the observed zenith distance of the sun’s centre, z is the
true zenith distance and a is the sun’s semi-diameter.

5. The mean of any two perpendicular diameters of the sun is observed to
be D. If z is the true zenith distance of the sun’s centre, show that the true
angular diameter of the sun is

D {I + I2c(1+ sec? z)},
where k is expressed in circular measure.

6. If the declination of a star is unaffected by refraction at a given moment,
prove that the azimuth is then & maximum.



REFRACTION 73

7. X,and X, are two neighbouring stars, the true angular distance between
them being D (in seconds of arc). If Z is the zenith, ZX’;XQ = and the true
zenith distance of X, is z, prove that the observed angular distance is

D — kD (1+ cos? ¢ tan? z),
in which k is expressed in circular measure.

8. If ¢ is the latitude, H the hour angle and § the declination of a star, show
that refraction diminishes the apparent rate of change of hour angle at the
rate of

sin 26
0e-51 ) (tan & + cot ¢ sec H) per hour,
where tan 8 = cot ¢ cos H. (The constant of refraction = 58:2.)
Show also that the rate of change of refraction in declination is

+ 15”-2 cot ¢ sin H cos? § cosec? (8 + 0) per hour.

9. If the formula for refraction is given exactly by an equation of the form
R = ktan{, how will the refractive index vary with height ? Determine % and the
height of the atmosphere in terms of the refractive index at ground level.

(Glas. 1965.)

10. Use the result of exercise 41 of Chapter 11 to show that the effects of
refraction on the right ascension and declination of a star are given by

ksec?8sin H

fa= tandtan¢ + cos H’

5= k(tan¢ — tandcos H)
" tandtan¢ + cosH °




CHAPTER IV
THE MERIDIAN CIRCLE

41. General description.

In this chapter we shall consider some of the principal features
of the fundamental instrument of astronomy—the meridian
circle—by which the right ascensions and declinations of the
principal heavenly bodies can be determined with great pre-
cision. Meridian circle observations also provide the information
by which sidereal clocks can be regulated (in practice it is
sufficient to derive the error of a sidereal clock), and after a
simple step the true mean time at any instant can be deduced
so that the error of a clock
keeping mean solar time
can be easily found. The
instrument consists prima-
rily of a refracting tele-
scope which can be rotated
about a fixed horizontal
axis (the rotation axis) ori-
ented east and west. The Poirter| | Pointer
telescope itself can thus
move only in the plane of
the meridian. Fig. 32 shows
the main features of the
instrument. In the focal Plane
plane of the object-glass
are two systems of spider
threads, or “wires”’—as
they are generally called—(a) one or sometimes two horizontal
wires (a single horizontal wire is shown in Fig. 33), and (b) several
wires, at right angles to the horizontal wire, arranged sym-
metrically about a central wire 4.B; these wires will be referred
to as the vertical wires. In some instruments, attached to the
plate carrying the wires are two micrometers, one capable of
moving the horizontal wire (or wires) parallel to HK, the other

C Object glass

Fig. 32.
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capable of moving the system of vertical wires parallel to 4B.
In other instruments the system of vertical wires is fixed, but
there is an additional vertical wire which can be moved by a
micrometer across the system of fixed wires.

The plane through the centre C of the object-glass and perpen-
dicular to the rotation axis E W is called the collimation plane,and
the straight line through C lying on this plane and intersecting
the rotation axis is called the collimation axis (CO in Fig. 32).
As the telescope rotates about
the axis EW, the collimation /-54
axis will clearly sweep out the Kr ﬁ\%
collimation plane. Assume,for
amoment, that the instrument
is mechanically perfect and
that it has been set up accu- H K
rately, with the central wire Q
AB in the collimation plane;
then, as viewed through the
eye-piece at F', any star which, \K

L/

at a given instant, is observed \B-)/
on the central wire will, at
Fig. 33.

that moment, be on the meri-
dian. If this instant is noted by means of a sidereal clock keeping
accurate sidereal time, this sidereal time (otherwise described
as the hour angle of the vernal equinox) is clearly equivalent
to the star’s right ascension. The function of the additional
vertical wires in Fig. 33 is to give additional accuracy; for, as
the star moves across the field of view owing to the diurnal
motion, it coincides with the wires in succession and, if the co-
incidences with each of the vertical wires are noted, the mean
will presumably give a much more accurate determination of the
sidereal time of transit—and hence the star’s right ascension—
than if the observation is restricted to the single coincidence
with the central wire.

Attached to the axis of rotation are two finely graduated
circles (shown at E and W in Fig. 32), with auxiliary optical
arrangements for enabling an accurate measurement of a star’s
altitude to be made; as the latitude of the meridian circle may
be presumed known, the star’s declination can then be simply
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deduced. Such then, in brief, are the main principles according
to which the positions of the stars are obtained from meridian
circle observations.

42. Instrumental errors.

It is impossible, however, to set up an instrument with the
precision necessary for the accurate measurement of stellar
positions, as just indicated, and it is necessary in actual practice
to take into consideration the inherent errors of the instrument.
These errors are (i) azimuth error—the axis of rotation is not
accurately oriented east and west and its angular deviation from
the true east and west direction is the azimuth error (sometimes
called the deviation error), which will be denoted by a; (ii) level
error—the axis of rotation is not accurately horizontal and the
angular deviation from the horizontal is called the level error,
which will be denoted by b; (iii) collimation error—the central
wire is not quite in the collimation plane, and the angle between
the collimation axis and the line joining the middle point of the
vertical wire to the centre of the object-glass is called the
collimation error (denoted by ¢). We shall examine in turn the
effect of these errors on the observed time of transit of a star.

43. Azimuth error.

Assume that this is the only error. Fig. 34 shows the celestial
sphere with the horizon and equator and the cardinal points;
the centre of the sphere is taken to be the point of intersection
of the collimation axis with the rotation axis. If the instrument
were perfectly set up, one end of the axis would point to the
west point W and the other to the east point E. We shall
suppose, with azimuth error presumed, that the west end of the
rotation axis points towards the point A of the horizon, W4
being the azimuth error; the convention is that the azimuth
error is positive when 4 is between W and § as in Fig. 34. As
the telescope is rotated about its axis, the collimation axis will
describe a plane perpendicular to the rotation axis and cutting
the celestial sphere in a great circle of which 4 is the pole: this
great circle we shall designate the ““fictitious meridian”.Since 4 is
a point on the horizon, the fictitious meridian will pass through Z.
Let X be the position of a star at the moment of its coincidence
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with the central wire (which is in the collimation plane); then
ZX is an arc of the fictitious meridian. Let r, denote the angle
ZPX it is seen from the figure that since X is the position of the
star when it is observed on the central wire, the true time of
transit will occur later, P
after an interval r,, when
the star reaches the true
meridian at Y. =, is thus
the error in the time of
transit of the star.

Now Wid=WA=aq, p,
since Z is the pole of

N E
WASE. Also WZS = 90° '
and 42X = 90°, since A4
is the pole of the great
circle ZX (the fictitious
meridian). Hence

YZX —a, Fig. 34.
and therefore PZX = 180°— a. From the triangle PZX in which
PZ = 90°— ¢, PX = 90° — §, ZPX = 7, and PZX = 180° — g,
we have by formula B (the sine-formula),
sin PZX sin ZX = sin ZPX sin PX,

or sin a sin ZX = sin 7, cos 8.

Also, a and 7, are small angles so that, in general, ZX is approxi-
mately equal to ZY, that is, to (¢ — 9); alsosina=a, sinr, ==,
and consequently,

7=asin(¢d—8)secd ... (1),

in which both 7, and @ may be supposed expressed in seconds of

time. This formula gives the correction to the observed time of
transit due to azimuth error alone,

44. Level error.

Assume now that the only instrumental error is the level error
and that the west end of the axis is tilted upwards by the angle b.
In this case the sign of b is, by convention, positive. On the
celestial sphere the west end of the axis will be represented by B
(Fig. 35) so that WB = b, since there is no other error, B will lie
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in the prime vertical ZW. As the telescope is rotated about
its axis, the collimation axis will describe a plane cutting the
celestial sphere in a great circle of which B is the pole. In Fig. 35
this great circle is SX (it passes through 8, since S is the pole
of WZ and consequently
SB = 90°). SX is now
the fictitious meridian,
Now WB=WSB=5 ;also
WR8Z=90°and BSX=90°;
hence Z8X = b. Consider
a star at the observed
moment of transit over
the central wire; it is then
at X, we shall suppose,
on the fictitious meridian,
and its observed time of
transit occurs before it
reaches the true meridian Fig. 35.

at Y. Let XPY = ,; then r, is the correction to be applied to the
observed time of transit to give the true time of transit at Y.
In the triangle PXS, PX = 90° — 3, PS= PZ + Z8 = 180°— ¢,
SPX = 7, and P8X =b. By formula B,

sin 7, 8in PX = sin b sin SX.
%nce b is always very small, SX is approximately equal to SY.
80
SY =P8 — PY =180°— ¢ — (90°— §) = 90° — (¢ — &).

Hence sin r, cos 8 = sin b cos (¢ — J).
Express the small angles 7, and b in seconds of time; then
7= bcos($—8)secd ... (2).

This formula gives the correction to the observed time of transit
due to level error alone.

45, Collimation error.

Assume now that the only error is collimation error. In this
case the central wire lies outside the collimation plane, and as
the telescope is rotated the central wire will describe a plane
parallel to the plane of the true meridian; this plane will inter-
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sect the celestial sphere in a small circle XU (Fig. 36) which is
now the fictitious meridian. The straight line joining the centre
of the object-glass to the middle point of the central wire will
make a small angle ¢ with the collimation axis and as the latter
is perpendicular to the
rotation axis, in this case
EW, the angular distance
of W from any point on
the small circle XU is
90°+ ¢. (The sign of ¢ is
taken to be positive when
the fictitious meridian XU
cuts the horizon to the
east of S, as in Fig. 36.)
Consider now a star X at
the moment of transit over
the central wire; when ¢
is positive, it is seen from -
the figure that the star is Fig. 36.

on the central wire before it reaches the true meridian at Y.
Let ZPX = 73. In the spherical triangle WPX, WX = 90° + ¢,
WPX = 90°+ 73, PX =90°—8 and WP = 90°. Then, by
formula A,

cos WX = cos WP cos PX + sin WP sin PX cos WPX,

from which — sin ¢ = — cos § sin 5,

so that, ¢ and 73 being small and both expressed in seconds of

time, 73 = C 8€C S cereer(3).

46. The total correction to the observed time of transit.

Let T be the observed time of transit over the central wire
according to the sidereal clock—in practice, T' would be taken
to be the mean of the observed times of transit over, say, seven
wires, three on each side of the central wire. Suppose that the
clock is in error by AT, AT being regarded as positive when the
clock is slow. Then the true time of transit over the central wire
is 7' 4+ AT'. The sidereal time of transit over the true meridian is
then 7' 4+ AT + 7, + 7, + 75. This is the right ascension (a) of
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the star. Thus, ¢ =T + AT + 7, + 7, + 73, or, from (1), (2)
and (3)

a=T+4+ AT + secS{asin (¢ — 8) + bcos (¢ — &) + ¢} ...... 4),
which is sometimes written in the form
e=T+AT+ad+bB+eC ... (5),

where 4 = sin (¢ — 8) sec 8, B = cos (¢ — 8) sec 3, and C = secd.
Actually, the error AT of the sidereal clock is not constant from
day to day, but we shall assume, however, in determining the
right ascensions of the stars according to (5), that its value is
known for each observation. Also the formula (5) is incomplete
in the form just given, as a small term due to aberration (see
section 111) has not yet been included ; the value of this term is
- 08-021 cos ¢ sec d.

The formulae given so far refer to the upper culmination of
a star. The corresponding formulae for lower culmination can be
derived in a similar manner. The formula corresponding to (4) is
found to be of similar character and is derivable from (4) by
writing (180° — &) for 8 in that equation.

47. Bessel's formula.

The correction  to the observed time of transit of a star due
to all three errors a, b and ¢, considered together, can be in-

Fig 37.



THE MERIDIAN CIRCLE 81

vestigated as follows. Suppose that the west end of the rotation
axis points to the position B on the celestial sphere. Draw the
vertical circle ZBA to meet the horizon in A. Then WA =a
(azimuth error) and AB = b (level error). Also let X be the
position of a star at the moment of coincidence with the central
wire. Then BX = 90° + ¢. Draw the meridian PBC to meet the
equator in C and let WC = WPC = m and BC = n. The quan-
tities m and 7» are simply related to a and b. In the triangle
PBZ,PZ=90°— ¢, PB=90° —n, BZ=90°—b, PZA = 90° + a
and ZPB = 90° — m. By A, we have
cos PB = cos PZ cos ZB + sin PZ sin ZB cos PZB,

or sinn = sin ¢ sin b — cos ¢ cos bsin a,
which can be written with sufficient accuracy, since n, ¢ and b
are small, n=bsin¢g—acosdp ... (6).

Also, by formula D,
cos PZ cos PZB = sin PZ cot ZB — sin PZB cot ZPB,

or — sin ¢sina = cos ¢ tan b — cos a tan m,
from which we have, since m, ¢ and b are small,
m=asing¢+bcosd ... (7).

Now in triangle BPX, BX = 90°+ ¢, PB=90°—n, PX = 90°—§
and BPX = 90° 4 » — m, where 7 is the angle ZPX (the cor-
rection to the observed time of transit at X over the central wire
to give the time of transit over the true meridian PZS). By A
cos BX = cos PB cos PX + sin PBsin PX cos BPX,
whence
—~ sin ¢ = sin # sin 8 — cos 7 cos 3 sin (r — m),
or, since ¢, n and (r — m) are small angles,
—~c=mnsind— (r— m)cos?,
from which we obtain
r=m+ntand+csecd ... (8).
This is Bessel’s formula and is the form found most convenient
in practice. Itis easily verified that when the values of m and n,
given by (6) and (7) in terms of a and b, are substituted in (8),
formula (4) is obtained. Inserting the clock error AT and the
aberration term we obtain, for the right ascension of the star
under observation,
a=T+ AT + m 4 ntand + (c — 08:021 cos ¢) sec 8 ...(9).
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48. Wire intervals.

As already stated, some meridian circles are fitted with a
micrometer by means of which the entire system of vertical
wires can be moved across the field of view; in other instruments
the system of vertical wires is fixed and the micrometer actuates
a moving wire, which can be placed successively on any two of
the fixed wires. In both types it is necessary to determine

(a) the interval between two consecutive wires in terms of
the micrometer scale, and

(b) the value of one revolution of the micrometer in terms of
angular measure.

To determine (a) in the first type of instrument, suppose that
a distant object is visible in the field of view when the telescope
is approximately horizontal. By moving the micrometer so that
two wires are successively coincident with the image of the
distant object, the interval between the wires is expressed as the
difference between the micrometer readings. The observation
can then be repeated for any other pair of wires. It is obvious
that, in the second type of instrument, the wire intervals can be
easily found in terms of the micrometer scale.

To determine (b), the interval of time required by a star to
pass from one wire W, to another wire W, is observed. A star
near the pole is selected for this purpose as it moves compara-
tively slowly across the field of view. As the telescope is rotated
about its axis, the wire W, will sweep out a plane which will
intersect the celestial sphere in a small circle of which the west
end B (as in Fig. 37) is the pole. Let the angular distance of B
from any point on this small circle be 90° + ¢,; then ¢, is the
collimation error of W,. Then if 7, is the interval between the
transit of the star X (Fig. 37) over wire W, and over the true
meridian, we have by (8), taking into account that ¢, and n are
small, Ty=m+ ¢, 8ec S+ ntan d vaeene(10).
Now consider wire W, and let 7, and ¢, be the corresponding
quantities. Then we have, as before,

Tg=Mm+ cysec 8+ n tan d veeena(11).

If T,, T, are the times by the sidereal clock when the star is on
wires W, and W, respectively, and 7' is the time by the clock
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when the star is on the true meridian, we have
) To=T,+AT 4+ 7 and Ty=T,+ AT + 7.
Alsoif ¢t = T, — T, (t being the time in seconds required by the
star to pass from W; to W,) then, eliminating 7', and AT,
; l=1— 7y,
so that, by (10) and (11),

t = (¢c; — ¢c,) sec 3,

or ¢, — €, =tcosd ceenns(12).

Now ¢, — ¢, is the angular separation of the wires W, and W,
(expressed in seconds of time), and it can consequently be
calculated from (12), for ¢ is observed and 8 is known. Formula
(12) is sufficiently accurate in practice unless the star’s declina-
tion is very near to 90°,

As we have explained, the interval between the two wires W,
and W, can be found in terms of the micrometer scale, and thus
we are enabled to express one revolution of the micrometer head
in terms of seconds of time,

From (12), it is seen that ¢, — ¢, (expressed in seconds of time)
is the interval required for an equatorial star to pass from wire
W, to wire W,.

Ezxample. On 1931 January 3, the interval between the
transits of 8 Ursae Minoris over two of the wires of the Cambridge
Meridian Circle was 3™ 48; to find the wire interval.

From the Nautical Almanac, 6 = + 86° 36’ 34", Also
{ = 3w 48 = 1848. Thus

¢, — €y = 1848 cos 86° 36’ 34"
= 108-88,

49. Determination of the collimation error.

The methods of determining the instrumental errors vary
according to the size or elaborateness of the meridian circle
concerned. It is not our purpose to describe all the different
methods in use and for details the student is recommended to
study a book dealing specifically with practical astronomy.*
There are, however, certain general principles involved in the

* For example, The Elements of Practicul Asironumy, by W. W. Campbell
(Macmillan, 1899).
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determination of the various errors and we shall consider these
in turn, taking first the collimation error.

As regards large instruments the collimation error is deter-
mined by means of two collimators, one north of the telescope
and the other south. Consider the south collima-
tor. It consists of an object-glass mounted verti-
cally, with its axis in or near the meridian and at
the same height above the floor as the rotation axis
of the telescope. In the focal plane (4.B) of the
object-glass (C) of the collimator are placed one
or two vertical wires and one or two horizontal
wires (Fig. 38). (For simplicity, we shall suppose
that there is only one vertical wire and one hori-
zontal wire.) These wires can be viewed by means
of an eye-piece just outside the focal plane AB.
When the meridian circle telescope is pointed
horizontally and south, the observer can see in
the field of view at E the collimator wire W when

S

1L

Telescope

it is suitably illuminated. Since the collimator
wire is in the focal plane of C, rays passing from
W through the collimator will emerge at C as a |
parallel beam and after entering the object-glass
D of the telescope the wire will be seen sharply | : !
at E. In this optical arrangement the observation L
of the collimator wire is equivalent to the observa- '\&‘%} ©
tion of an object at an infinite distance. Thenorth |
collimator is arranged in a similar way, but we \l
|

Fig. 38.

shall suppose that the vertical wire in this colli-
mator is movable by means of a micrometer and
that the south collimator wire is fixed. When the
telescope is rotated to the vertical position, shut-
ters in the framework of the axis can be opened,
allowing an unimpeded view from one collimator
to the other. Thus the observer, if stationed at
the eye-end of the north collimator, can see the \ﬂ
wire of the south collimator and by actuating the = 3 Q
micrometer can make the north collimator wire

coincide with the image of the south collimator wire. When this
is done, the combined optical arrangement is such that the south

Collimator
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collimator wire, when viewed in the telescope, appears as if it is
at an infinite distance in a particular direction and the north
collimator wire, when viewed in the telescope, appears as if it
is at an infinite distance in exactly the opposite direction. Itis
unlikely that the direction of the south collimator wire is exactly
gouth; suppose that the direction is 6 degrees west of south;
then the north collimator wire will be in the direction 8 degrees
east of north. The method of determining the collimation error
¢ must be such that the unknown quantity 6 is eliminated in
the observations.

Suppose that the telescope is first pointed to the south
collimator so that its vertical wire is visible. This wire corre-
sponds to an object whose position on the celestial sphere is
indicated by the point F (Fig. 39), F'S being the angle §. Assume
that the collimation error P D
¢ is positive; then on the
cclestial sphere the central
wire will sweep out the
small circle CD (as the tele-
scope is rotated about its
axis) of which the west axis
B of the instrument is the
pole, and the great circle
arc joining B to Cis 90° + c.
Since the level error is al-
ways small, this great circle
arc will be practically co-
incident with the horizon in Fig. 39.
the neighbourhood of the south point S; for the present purpose
we can thus ignore level error and assume that the west part of
the axis of the telescope points to 4, 4 being on the horizon
such that WA is the azimuth error a. Then AC = 90°+ ¢. Now
48 = 90° — a and AC = 90° + ¢; hence SC = a + ¢ and, since

FS =
§=46, FC=0+a+c eeeass(13).

We shall consider a meridian circle fitted with a fixed system of
vertical wires and a movable wire connected with a micrometer
whose scale has been determined, for example, by the method of
Section 48. Place the movable wire over the central wire (corre-
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sponding to C in Fig. 39) and let the reading be M, ; then place
it over the image of the south collimator wire F' and let the
reading be 3,. Then, in terms of the micrometer scale,
M, —~ M, = CF, and writing D = M, — M; we have, from (13),
D=08+a+c ... (14).
It is necessary to make some convention with regard to the sign
of D; the sign will be assumed to be positive when, as in Fig. 39,
Cis east of F'; as viewed in the telescope (the optical combination
is inverting) the central wire C will thus appear to be west of the
south collimator wire 7.

Now suppose the telescope pointed to the north collimator.
Neglecting the level error, the east end of the axis will point to
4, (Fig. 40) such that E4, = a. The small circle on the celestial
sphere, of which 4, is the 7
pole, associated with the D, S
central wire will intersect
the horizon, between the
north and east points, at
C,. Since 4, in Fig. 40 and
A4 in Fig. 39 are diametri-
cally opposite points and
since AC = 90° + ¢, then
we have A,C;= 90°—c.
Also 4, N = 90°— a; hence
CiN =c—a. Again, the
vertical wire of the north
collimator is in the direction Fig. 40.

6 degrees east of north; on the celestial sphere it will define the
position @ such that GN = §. Hence

GC,=c—a-0 ... (15).
Now the micrometer reading when the movable wire coincides
with the central wire is M;; let the reading be M, when the
movable wire coincides with the north collimator wire G. Write
D' = M, — M,. Then according to Fig. 40, since C, is east of ¢
so that in the telescope the central wire appears west of the
collimator wire, the sign of D’ is positive by our convention. By
(15) we have D=c—a-0 ()

From (14) and (16), ¢ = } (D + D)) veeeee(17):
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This is the formula for the collimation error ¢. D and D’ are at
first expressed in terms of the micrometer scale, and, from the
previously ascertained value of one revolution of the micrometer
in terms of seconds of time, we are thus enabled to express ¢ in
terms of the latter unit.

It is to be noted that for instruments in which the system of
vertical wires is movable the effect of collimation error and the
aberration correction (to which reference has been made in
gection 46) on the time of transit of a star can be removed. To
each position of the central wire corresponds a definite value of ¢,
and, if the wires are moved to such a position that

¢c—0%02lcos =0 ... (18)

(in which ¢ is the latitude), the only corrections to be applied to
the time of transit over the central wire to give the time of
transit over the true meridian are the corrections due to the
azimuth error a and the level error b.

50. Determination of the level error.

As regards the smaller instruments, this error can generally
be derived with sufficient accuracy by means of a striding level,
placed on the axis of rotation. For large instruments, a more
precise method is employed, which
we shall now describe. The tele- £
scope is pointed vertically down- @
wards towards a bowl of mercury
which is generally placed below the
floor level to avoid atmospherical
and other disturbances. The sur- Light — G

Jrom —> JA
face of the mercury actsasareflect- Lamp ~— l
ing horizontal plane, the normal l¢
to which defines the direction of .
the zenith. A special eye-piece—

the Bohnenberger eye-piece—en- /yél,{ggope /
ables a beam of light to pass into I,
the telescope; after traversing the Fio 41

ig. 41,

object-glass, the beam will be
reflected at the mercury surface and will then re-enter the object-
glass. The central wire and its image formed as a result of
Tellection at the mercury surface will both be seen in the field of
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view. The special eye-piece (Fig. 41) consists of a tube in the side
of which is an aperture 4 through which the horizontal rays
from a lamp, placed some distance away, enter the tube. In the
tube is placed opposite 4 a piece of clear glass @ inclined at 45°
to the axis of the tube. The glass surface acts as a reflector and
so part of the beam entering at A is reflected by G into the
telescope. The glass being unsilvered, the observer with his eye
at E can see the vertical wires and their images due to the
reflection at the mercury
surface. In Fig. 42,let EW
be the rotation axis of the
telescope inclined at the
angle & to the horizontal,
O the centre of the object-
glass, C' the central wire
and D its image, and AB
the mercury surface. The
ray CO from C to the
centre of the object-glass
will be undeviated by the
latter (supposed thin) and
will strike the mercury
surface at B. Since C is
in the focal plane of the
object-glass any other ray
CG will emerge from the
object-glass along G4 pa-
rallel to OB. Thus a cone
of rays from C will emerge
as a parallel beam. This
beam will be reflected at the mercury surface into another parallel
beam which will be brought by the object-glass to a focus at D.
Consider the ray COB; at B it is reflected along BH in such a way
that OBS = SBH , BS being perpendicular to the mercury
surface at B; after passing through the object-glass at H, it
passes through D. Produce DO to meet the mercury surface at 4.
Let C@ be the ray from C which is incident on the mercury
surface at 4. Then this ray is reflected along A0 and will pas¢
through D; thus G4 is parallel to OB and AO is parallel to BH.
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It follows that COD = GAO = OBH and each is twice OBS.
Let OQ be parallel to BS and A R. Then, since OQ is perpendicular
to the mercury surface, KQO = 90°+ b. Also WEKO = 90° + ¢,
where ¢ is the collimation error. Now

KOO = WKO — QOK,
that is b=c— }COD.

The angle COD can be measured. Place the movable wire over
the central wire C and then over its image at D; the difference
in readings is, say, R, which can be converted into seconds from
the known value of the micrometer scale. We thus have

=¢c—3R ... (19),

from which b can be derived, the value of ¢ being supposed
knowun. When the system of vertical wires is movable, the value
of 3R is obtained simply by moving the wires until the central
wire coincides with its image. The convention as to the sign of B
is as follows: when the central wire is seen in the telescope to the
west of its image, R is defined to be positive.

81. Determination of the azimuth error.

The azimuth error a is determined from observations of stars,
the values of b and ¢ having previously been derived. Let
(ay, 8,) and (ay, 8,) be the equatorial co-ordinates of two stors,
T, and T, the observed times of transit by the sidereal clock.
By (5), we have

a,=T,+ AT + ad, + bB, + ¢C,,

ay="T,+ AT + ad, + bB, + ¢C,.
In these equations, AT is the unknown error of the clock, and
if, by a suitable choice of stars, the observations are made within
a few minutes of each other, the value of AT can be assumed to
be the same in the two equations; also 4, = sin (¢ — 3,) sec §,,
etc. By subtraction, AT is eliminated and we have
- (¢g— ) = (Ty— T)) — b (By— By) — ¢ (C,— CY)

4,— 4,

a

In this equation,
Ay~ A, = sin (¢ — 8,) sec §, — sin (¢ — §;) sec §;.
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The right-hand side of (20) can be calculated from the known
values of b, ¢, ¢, a,, 3;, 8, and the observed times 7, T,. It
remains to indicate how best the choice of stars can be made to
ensure an accurate determination of a. It is clear from (20) that
a can be most accurately determined if the denominator
(4, — A,) is large. This condition is fulfilled if (i) a star of high
declination (3,) and a star near the equator (declination 8,) are
selected, for then 4, is large, since sec 8, is large, or (ii) a star of
high declination (3,) observed at upper culmination and a star
of high declination (3,), differing from the first by about 12 hours
in right ascension, observed at lower culmination. In (ii), the
values of 4, and 4, will both be large but of opposite sign, so
that (4, — 4,) will be numerically large.

52. The chronograph (mainly of historical interest).

In modern instruments the times of transit of a star over the
system of vertical wires are recorded electrically by means of
a chronograph. A clockwork mechanism causes a paper tape
to be drawn out at a uniform rate (or a cylinder covered by a
sheet of paper to revolve at a uniform rate). The sidereal clock
by which the times of transit are to be recorded is connected
electrically with an electro-magnet belonging to the chronograph
and to which a pen is attached. At the bottom of its swing, the
pendulum of the clock closes an electrical circuit for an instant
and the action of the momentary current passing through the
electro-magnet is to cause the pen to “kick”. When there is no
current, the pen traces out a straight line on the moving tape
(or a uniform line on the rotating cylindrical paper), but when
contact is made by the pendulum, the “kick” of the pen results
in a distinctive mark being made on the paper. In this way, the
seconds of the clock are mechanically registered. Usually, there
is an automatic arrangement by which the pen misses the 60th
second of every minute, and thus it is easy, by simple reference
to the clock, to ascertain the hour and minute of any “blank”;
this time can be written down on the paper and any particular
second of the following minute deduced by counting the “kicks”
of the pen from the “blank”. This is illustrated in the upper
trace of Fig. 43. The chronograph carries a second pen, attached
to an electro-magnet, which makes a trace parallel to that of the
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clock pen, and this pen can be actuated by the observer closing
a circuit by means of a tapping-key. When he sees, in the
telescope, the star on a vertical wire he gives the key a sharp tap
and the second pen makes a “kick” on the moving paper. The
time of transit over this wire can be inferred later from the
chronograph record (this is illustrated in the lower trace of
Fig. 43).

58s. 50s. 3h'f2m'

1s. 2s. 3s.

L 1

(Blank)

Fig. 43.

There are in use several modifications of the procedure just
outlined. In one, the observer moves a vertical wire, by means
of the attached micrometer, in such a way that the wire appears
to bisect continuously the image of the star as it moves across the
field of view; at definite points, corresponding to the positions
of the system of vertical wires, the frame supporting the wire
closes an electrical circuit and the chronograph pen makes the
appropriate records. In other instruments, the moving wire is
driven across by a small motor, at a rate adjusted according to
the declination of the star, and the observer has only to make the
necessary small corrections to the rate to ensure the accurate
bisection of the stellar image by the moving wire.

53. The measurement of declination.

We have already mentioned that the rotation axis of the
telescope carries two finely graduated circles, the graduations
being generally at 5 intervals from 0° to 360°. In the focal plane
of the object-glass there is a horizontal wire and when observa-
tions of a star’s declination are being made the telescope is
adjusted so that, in the neighbourhood of the collimation axis,
the star appears to travel along the horizontal wire. In this
position, the circles indicate a particular reading R, , the accurate
determination of which is facilitated by the use of four micro-
Scopes (90° apart) on each circle. To obtain the zenith distance
of the star we require to know the circle reading B when the
telescope is pointed accurately to the zenith. We shall suppose
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for the moment that the horizontal wire is fixed in the foca]
plane of the object-glass. The reading R can then be determined
by pointing the telescope downwards towards the basin of
mercury and moving the telescope gradually (by slow-motion
screws) until the horizontal wire and its image coincide when
viewed in the special eye-piece of Fig. 41; the addition of 180°
to the reading of the circles in this position gives the reading R,
corresponding to the position of the telescope when pointing to
the zenith. The difference between the readings R and R, is the
meridian zenith distance of the star. This zenith distance of
course contains the refraction and when the latter is removed
we obtain the true zenith distance of the star. The latitude being
presumed known, we finally deduce the declination of the star.
But in practice it is inadvisable to attempt the delicate adjust-
ment of the instrument just contemplated. As we invariably
know the approximate declination of the star to be observed,
the telescope can be pointed with sufficient accuracy to ensure
that in due course the star will appear in the field of view.
Generally, it will appear to move (disregarding a slight curvature
in its path) parallel to and at some distance from the horizontal
wire. In this position of the telescope the circles can be read
either before or after the star’s appearance. Let the reading be
R,. Now assume that the horizontal wire can be moved parallel
to itself by means of a micrometer to such a position that the
star appears to travel along the wire. Let the two micrometer
readings be M, and M,, the former the original reading (corre-
sponding, say, to some definite reading on the micrometer head)
and the latter the reading when the star travels along the wire.
The value of one revolution of the micrometer can be found in
terms of seconds of arc by observations of two stars of known
declination which are close together in the sky; with the
telescope fixed, the difference in declination can be measured in
terms of the micrometer scale and hence the value of this scale
(in seconds of arc) can be deduced. Now, corresponding to M,,
there is the particular reading R of the circles when the telescope
is pointing accurately to the zenith; the zenith distance of the
star is not quite the difference between R and R,, as in the case
of the fixed horizontal wire; we have to apply to this difference
a correction given by (M, — M,) expressed in seconds of arc.
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Thus the zenith distance of the star is deterniined and its de-
clination can be deduced as before.

54. The measurement of right ascension.

The point on the celestial equator from which right ascensions
are measured is the vernal equinox, whose position is given by
the centre of the sun about March 21 when the sun passes from
south declination to north declination. At the summer solstice
(about June 21) the sun has reached its maximum northerly
declination and then its declination is simply the obliquity of
the ecliptic. Observations of its meridian zenith distances on
several days before and after the solstice will lead to an accurate
value of its declination exactly at the solstice; in other words
the obliquity of the ecliptic can be found. It is to be noticed
that in these considerations it is the sun’s centre that is specified ;
in the actual observations the meridian zenith distance of the
upper (or lower) limb is measured ; to obtain the zenith distance
of the centre, the sun’s semi-diameter (the angle subtended at
the observer by a radius of the sun) requires to be added (or
subtracted).

Since the vernal equinox is so closely associated with the sun,
it follows that the right ascension of any star is fundamentally
related to the position of the sun on any day. Let us suppose
that the complete observation of the sun on a particular day
gives

(i) the clock time T (corrected for the instrumental errors
a, b and c¢) of the transit of its centre, and

(ii) the zenith distance of its centre at transit.

Assuming that we know the latitude accurately we deduce,
as in the previous section, the declination of the sun’s centre
[we omit in this discussion the correction due to ““parallax” (see
Chapter 1x)]. From the declination and the value of the ob-
liquity ¢ (which we shall assume known), we can calculate the
right ascension « of the sun at the time of transit on the day in
question. In the triangle 7’S4 (Fig. 44), PSA is the meridian
through the sun S, and SAT = 90°, T4 = ¢, AS = §, 874 = «.
By formula D,
cos & cos 90° = sin a cot 8 — sin 90° cot e,

or sine=tandcote ... (21).
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From (21) we obtain «, the sun’s right ascension at the moment
of transit on the day concerned. Let E be the error of the
sidereal clock at the time T' of transit. Then the true sidereal
time of transit is T+ E.
But this is precisely the
sun’s right ascension e.

Hence , _py g

Suppose that the transit
of a star is observed after-
wards, as soon as practic-
able, Let the clock time
of transit be T (we sup-
pose that both T, and T
have been corrected for
the instrumental errors a,
b and ¢). The error of the
clock may now be pre-
sumed to be slightly diffe-
rent; let it be E,. Then, if ¢, is the star’s right ascension,
a="T+E8 .. (23),
8o that, from (22) and (23),
g—ac=(T,— T+ (E,— E) veees.(24).
(T'y — T')is the interval by the clock between the times of transit
of the sun and star and is therefore known. If the clock neither
gains nor loses, (E, — E) = 0, so that ¢, can be found from (24).
Generally, however, the mechanical perfection of the clock
cannot be presumed and as a convenient hypothesis the clock
may be supposed to gain (or lose)—over an interval of a few
hours—at a uniform rate, so that (¥, — E) is proportional to the
interval between observations; we can write
E - E=r(T-1T),
so that (24) becomes
g—a=(1+nrT,—-T) venes.(25).
Supgose that the observations are repeated next day. Then we
shall have G—o =) = T) (26,

Fig. 44.
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in which o’ is the sun’s right ascension calculated from (21) and
17, T are the sidereal times of transit of the sun and star re-
spectively. I'rom (25) and (26) we have by division
a-o ?l' =T e (27),
a—a T,-T
from which the right ascension e, of the star can be calculated.
This, in brief, is the fundamental principle involved in the
easurement of the right ascensions of the stars. In practice,
we may assume that the right ascensions of a sufficiently large
number of stars have been accurately measured; such stars—
“fundamental stars”—form a series of reference points on the
celestial sphere and by means of them (or a selection of them)
we are enabled to determine the right ascension of any other
star by observing the interval between the transits of one or
more fundamental stars and of the star in question, as in the
case of the sun.

55. The measurement of time.

Stars which are selected for the determination of clock error
and hence of the accurate sidereal time—and, by a further step,
of the accurate U.T.—are called “clock stars”. If o, «, are
the known right ascensions of two clock stars, T, T, the ob-
served times of transit (both corrected for the instrumental
errors of azimuth, ete.), E,, E, the clock errors at the respective

times of transit, then o0, =T,+E,,

ao=T,+E,.
oy, & are both known, 7, and T, are observed, hence E| and E,
are found. The clock rate r is obtained from the equation
Ey,—E,=r (T,-T,).
In practice several stars are observed to ensure greater acecuracy
in the values of the clock error and rate.

The modern clocks now installed in several important observa-
torics are the most accurate time measurers ever devised. The
time which they record is so nearly uniform that it may be con-
sidered as conforming to the Newtonian deseription of time as
“equably flowing "—as for E.T.—and the normal behaviour of a
modern clock is such that its error on any day can be almost
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exactly predicted several months in advance. In the past the
performance of a clock was checked by meridian observations of
the stars. Today the situation is reversed and it is variations in
the earth’s period of rotation that are determined from these
observations.

EXERCISES
[Symbols used:
¢ = latitude, b = level error,
a = azimuth error, ¢ = collimation error.]

1. If o and b are the only errors of a meridian circle, show that the time of
transit of a star will be unaffected if its declination 8 is given by

8 = ¢ + tan™! (b/a).

2. Prove that the error in the time of transit of a star due to the three
instrumental errors is a minimum for a star whose declination is

gin™! {{a cos ¢ — b sin ¢)/c}. [Coll. Exam.]

8. If two stars of declinations §, and §, can be found for which the three
errors of adjustment produce no error in the time of transit, show that the
correction to be added to the observed time of transit of a star of declination § is

2c sin § (8§ — 8,) sin & (8 — &) sec 8 sec & (§; — &). [M.T.]

4. If the observed time of transit of a star whose declination is 30° is found
to be correct, while the observed times for stars of declinations 15° and 60° are
found to be — 7%-4 and + 31%5 in error, show that the error to be expected for
a star in declination 45° is approximately 11 seconds. [M.T.]

5. In a transit instrument of 10 feet focal length, which is in correct adjust-
ment except for collimation error, a star of declination 60° is observed to cross
the meridian 2# too soon. Show that to adjust the instrument the cross-wires
must be moved a distance of 0-0087 inch. [M.T. 1900.]

8. The level constant b and the collimation constant ¢ of a transit instrument
are determined, in the usual way, with a possibility of errors Ab, Ac, respectively.
The azimuth constant a is determined by observations of a polar star and of an
equatorial star. Show that the resulting possible error in a is given by

Aa = Ab tan ¢ + Acsec ¢,
where ¢ is the latitude.

Prove also: Am = Absec ¢ + Actan ¢,

An = — Ac. [Lond. 1926.]

7. On the same day, the observed sidereal times of transits of two stars,
corrected for the level and collimation errors, in latitude 51°30’ N are
188 51m 2752 and 190 7m 38s.9, Calculate the azimuth error and the clock
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error, given the co-ordinates of the two stars as follows:
a; = 182 51m 36s-5; §, =+ 89°2".
ag= 78 7m118.2; 3§, = 4 87°10". [Lond. 1926.]

8. Prove that a displacement of the pole of the earth’s rotation by s feet
in longitude L produces a change in the azimuth error of a meridian circle in
latitude ¢, longitude I, of s/a sin (I — L) sec ¢ cosec 1"/, where a is the radius
of the earth in feet. Estimate roughly the maximum value of this displacement
for an observatory in latitude 60°, and discuss the possibility of detecting it in
the routine of meridian circle observations. [Lond. 1922.]

9, Assuming that the instrumental correction for a transit instrument is of
the form
r=m+ntand + 3ecd,

prove that the correction will be positive for stars of all declinations if

c>|n,
and
m+ (c2 —n?)t >0,

10. A meridian circle of unknown instrumental errors has been set up at a
gite of inexactly known latitude and longitude. Outline a method for the deter-
mination of the following quantities a, b, ¢, AT, m, n, ¢, and A, where these
symbols have their usual meanings.



CHAPTER V
PLANETARY MOTIONS

56. Introduction.*

The nine major planets in the order of increasing distance from
the sun are Mercury, Venus, the Earth, Mars, Jupiter, Saturn,
Uranus, Neptune and Pluto. The laws according to which the
planets move with reference to the sun were discovered by John
Kepler (1571-1630), and half a century later Kepler’s three laws
were shown by Sir Isaac Newton (1642-1727) to be deducible
from the law of universal gravitation which he stated in the
Principra in 1687. A complete investigation into the motions of
the planets is the province of Dynamical Astronomy and as such
is outside the scope of this book. But certain principles and
results relating to the planetary motions and, in particular, to
the earth’s motion are necessary if we are to understand clearly
gome of the problems with which Spherical Astronomy is more
closely associated.

67. Kepler’s first law.

Kepler’s first law states that the path, or orbit, of a planet
around the sun is an ellipse, the position of the sun being at a
focus of the ellipse. Fig. 45 shows an ellipse of which § and F

1]

)

]

]

.
B 4

F ¢c 8 4
N
Fig. 45.

* In this chapter the time is assumed throughout to be expressed in terms of
Ephemeris Time (£.7.); v. Appendix E (p. 424).
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are the two foci, C is the centre (midway between S and F) and
AB is the major azis. The sun will be supposed to be at S and
the planet to move round the ellipse in the direction of the
arrows. At A, the planet is nearest the sun; it is then said to be
in perthelion. At B, it is furthest from the sun and it is then said
to be in aphelion. CA is called the semi-major axis; its length is
denoted by a. CD, drawn perpendicularly to €4, is the semi-
minor axis, denoted by b. The ratio CS: C4 is called the eccen-
tricity which we denote by e. The semi-minor axis & can be
expressed in terms of a and e by the formula
b2=a%(l—e¥) . (1).

The perihelion distance S4 is a (1 — ¢) and the aphelion distance
SBis a (1+ e).

If P is any position of the planet in its orbit, SP is called the
radius vector (denoted by r) and the distance SP is the helio-
ceniric distance, that is, the distance of the planet {rom the sun.
Let SN be a reference direction in the orbital plane. Then the
position of P is specified by the radius vector r and the angle 6
which SP makes with SN, 8 being measured in the direction
of the planet’s motion. Let w be the value of 6 when the
planet is in perihelion, that is, at 4 so that NSA = w. Then
PS4 = 0 — . The equation of the ellipse is known to be

- P
r"l+ecos(0—w) """ (2),
in which p=>b¥a=a(l—et ... (3).

The time required for the planet to describe its orbit is called
the period which we denote by 7. The earth’s orbital period is
the year which, for the present, may be taken to be 365} mean
solar days.

58. Kepler's second law.

Kepler’s second law states that the radius vector SP (Fig. 45)
sweeps out equal areas in equal times. Let P correspond to the
planet’s position at time ¢ and @ its position at time £ + Af. Let
r 4+ Ar denote the radius vector S and 6 + Af the angle QSN.
Then QS’P = Af. If Af is sufficiently small, the arc PQ may be
regarded as a straight line and the area swept out in the in-
finitesimal interval At is simply the area of the triangle QSP,
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that is, }r (r + Ar) sin A6, or, with sufficient accuracy, 3r2A6.
The rate of description of area is this last expression divided by
At; as this rate is constant according to Kepler’s second law, we
can write

. d0

T Z=r e (4),

where %, a constant, is twice the rate of description of area by
the radius vector.

Now the whole area of the ellipse is mab and this is described
in the interval defined by the period 7. Hence

2ﬂab [=4
T = h ...... (0),
or, using (1), 2aa’ (IT_ e} =h .. (6).

In time T, the radius vector sweeps out an angle of 360° or
2. Let n denote the average rate of description of angle by the
radius vector. Then n=2n/T (7).

n is called the mean angular motion of the planet. In moving
from SP to SQ the radius vector sweeps out the angle Af in the

interval Af. At P the angular velocity is thus g—?; thus » is the

mean value of ;lltg for all points in the orbit. By the help of (7),

formula (6) can be written
na?(l—e2p=h ... (8).

59. Kepler's third law.

Kepler’s third law, expressed mathematically, is as follows.
Let a, a, be the semi-major axes of two planetary orbits and
T, T, the corresponding orbital periods. Then, by the third law,

3 3
a® a

1—,2 = T? ...... (9),
or, using (7), n%a® = n%q,®* 000 .l 10y,
in which » and »; are the mean angular motions in the twoorbits,

We have from (9) §
G (£> ...... (11).
a 1
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If a, T refer to the earth’s orbit around the sun, the ratio of the
gemi-major axis of the orbit of any planct P, to the semi-major
axis of the earth’s orbit is given by (11) when the orbital period
T, for the planet P, is known in years, since for the earth 7 ig
one year. The orbital periods of the planets are known from
observations (see section 80) and hence their semi-major axes
can be derived in terms of a as the unit of distance. The semi-
major axis a of the earth’s orbit is known as the asfronomical
unit of distance. Expressing 7', in years, we have from (11),
putting ' =1 year,

a, = (T)? astronomical units.

80. Newlon’s law of gravitation.

The statement of this law is as follows. Every particle of
matter attracts every other particle of matter with a force
proportional to the product of the masses of the two particles
concerned and inversely proportional to the square of the dis-
tance between them. Stated mathematically, the law is:

mm,
e

F=a

where m. m, are the masses of the particles, r the distance
between them, £ the gravitational force of attraction and G a
constant—the constant of gravitation. In the c.g.s. system of
units, the value of G is 6:670 x 10-8, which means that the force
of attraction between two particles each of 1 gramme in mass
and separated by a distance of 1 centimetreis 6:670 x 10-3dynes.
For our present purpose we can regard the sun and planets as
“particles”.

The application of the law of gravitation (12) to the motion of
a planet around the sun leads to the three laws of Kepler. Let
M, m denote the masses of the sun and a planet respectively
and let u be defined by

p=Q@M+my .. (13).
Then it is found that the constant A in formula (4) is given by

R=pup=pa(l—e?) ... (14).
But, by (8), h? = n2at (1— e?).

Hence nal=pu=G M+m) ... (15).
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For another planet,
mlald=pu=G@M+m) ... (16).
Hence from (15) and (16),
n*a® M+im
n2a® M4 m,’

@ _M+m T (17)
= Mim TE T .
The equation (17) gives the correct form of Kepler’s third law
which in our notation had been expressed by (9). Actually the
mass of a planet is very small compared with that of the sun and
M+m
M+ m,
consequently, Kepler’s third law, although not strictly accurate,

is nevertheless a very good approximation.

or, using (7),

so the quantity in {17) is very nearly equal to unity;

61. The masses of the planets.

The formulae of the preceding section enable us to calculate
the mass of any planet, which is accompanied by one or more
satellites, as a fraction of the sun’s mass. If m, a, T refer to the
earth, we have, by (7) and (15),

3

G (M + m) = 4n? ;‘—,-2 ......
Now the motion of a satellite around a planet is given by the
same laws as the motion of a planet around the sun. In the case
of the satellite, the planet is the controlling body and if m,, m’
are the masses of the planet and the satellite respectively, a, the
semi-major axis of the satellite’s orbit around the planet, and
T, the period of its orbital revolution, Newton’s law of gravita-
tion leads to an equation analogous to (18); it is

3
@ (my+m') = 4#%1-2 ...... (19).
1
Hence, by (18) and (19),
m+m’ a)\3/T\?
arna) @) 20)

Now the mass m’ of the satellite is small compared with the mass
of the planet m,;; hence in (19) and (20) we can neglect m'.
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Similarly we can neglect the earth’s mass m in comparison with
the sun’s mass M, and (20) can be written

%;=<%>Y%§2 ...... (21).

We shall suppose that the semi-major axis a, of the satellite’s
orbit is known in astronomical units and that its period of
revolution 7', is also known in terms of years. Then in (21),
a = 1 astronomical unit, 7' = 1 year, and therefore the ratio of
m, (the planet’s mass) to M (the sun’s mass) is determined.

As an example we shall find the mass of Mars (in terms of the
sun’s mass) from the relevant orbital elements of the satellite
Deimos. The semi-major axis of the orbit of Deimos around
Mars is 0-00015695 astronomical unit; its period of revolution

. 1-26244
is 1-26244 day or 3651
Hence, by (21)
(3651)7
5
31 = (0-00015695)° x "0
1
~ 309 x 108

that is to say, the sun’s mass is rather more than three million
times the mass of Mars.

62. Perturbations of the elements.

We have assumed so far that the path of a planet around the
sun is determined by the mutual gravitational attraction of the
planet and the sun only. But every other planet and body in
the solar system exerts a gravitational attraction on the planet
concerned and the effects are shown in small changes in its
orbital elements such as the semi-major axis @ and the eccen-
tricity e. Such changes are known as perturbations of the elements;
in general their values are small. The magnitude of any per-
turbation due to a particular disturbing planet depends, among
other things, on the mass of the latter and it is thus possible to
deduce from observations, in combination with the formulae of
Dynamical Astronomy, the masses of planets which are un-
accompanied by satellites. In this way, the masses of Mercury
and Venus (which have no satellites) are derived. These two
planets have, however, been visited by space probes, and while



104 PLANETARY MOTIONS

the space probe is passing close to the planet it is effectively an
artificial satellite of that planet. A slight variant of the method
of section 61 can then be applied to give a much more accurate
value for the planet’s mass.

63. The dynamical principles of orbital motion.

Let S and P be the positions of the sun and a planet at any
time ¢ and let their co-ordinates referred to unaccelerated rect-
angular axes OA4, OB, OC in space be (X,, ¥,,Z,)and (X, Y, Z)
respectively (Fig. 46). If the masses of the sun and planet are

c4
P(Planet)

A

Fig. 46.

M and m, then by Newton’s law of gravitation, the planet P is
attracted towards S with the force GMm/r?, where r is the
distance SP. The component of this force in the positive direction
of the axis 04 is

GMm X,— X or _GMm (X - X))

r3 r 73

. 2]
It X (E ddt2Y> denotes the acceleration of P parallel to 04, we

have, by Newton’s second law of motion,

Now gravitational attraction is mutual and the sun S will be
attracted towards P with the force GMm/r? and the component
of this force parallel to OA is
GMm(X — X))
r? r
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If X, is the acceleration of the sun parallel to 04, we have as

before
i, A X=X,

Dividing (22) by m and (23) by M and subtracting the resulting
equations, we obtain

XX =-@M+m)
There are two similar equations in ¥ and Z.
Write ¢é=X-X,, 9=Y-1Y,, {=2Z-2Z,.
Then (¢, n, {) are the co-ordinates of the planet P referred to

rectangular axes passing through the sun, and we have from
(24), writing u for G (M + m) as in (13),

(X—_,a&—) veeeen(24).

£+ 5:5 -0 (25)
Similarly i+ fl=0 L (26),
¢+ ’ﬁf -0 .. (27)

These are the equations of motion of the planet P with reference
to the sun.
Multiply (26) by { and (27) by 5 and subtract. We obtain

. a .. ¢
that is, p (L — pt) = 0.
Integrating, we have li—nt=4 ... (28),

in which 4 is a constant of integration.
In a similar way, we derive from (25) and (27) and then from

(25) and (26), g-E=B ... (29),

and nE—-én=C ... (30),
in which B and C are constants of integration.
Multiply (28), (29) and (30) by £, %, { in order and add. Then
A+ Bp+CL=0 ... (31),
which is the equation of a plane passing through the origin of
the £, #, { co-ordinates, that is, passing through the sun S. The
interpretation is that, as the co-ordinates (£, #, {) of the planet
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P satisfy the relation given by (31), its motion with respect to
the sun takes place in a plane. This plane is the orbital plane.

64. The equation of the orbit.

We can now refer the motion of the planet to two axes passing
through the sun and lying in the orbital plane: let (z, y) be the
co-ordinates of the planet referred to these axes. In Fig. 45, we
shall suppose that SN is the z-axis, the y-axis being at right
angles to SN and of course in the plane of the orbit. The equa-
tions of wmotion of the planet are then

Etpn=0 e (32),

" Yy
y+ ;L;-s=0 ...... (33).

These equations, in rectangular co-ordinates, will now be trans-
formed in terms of the polar co-ordinates r and 8. (In Fig. 45,
SP = r and NSP = §.) We have

z=rcosf and y=rsinfd
Let « and B denote the components of the acceleration of the
planet P along SP and at right angles to SP respectively. Then

a=%Zcosf+ §sinf
and B=9cos®— &sinf eeeea(36).
We have, from the first of (34),
#=7rcosf@—rsinf.0,

and &=*cosf—2/sinf.0—rcosf.02—rsinf.§ ...(37).
The expression for §j can be derived in a similar way; it is
§j=#sinf 4 2/cos 0.0 —rsin8.02+rcos 6.0 ...(38).

Inserting in (35) the values of £ and § given by (37) and (38), we
obtain, after some reduction,

a=F— rf? (39).

But by (32) and (33),
a=Zcosf+isinfd= -—rp'(xcos0+ ysin 8)

3

Hence F— = — ’iz
r
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By a similar procedure, we find that
B =2/0+rf = 0.

. - 14
But 279 + rf = ;_ az (7'29).
Hence %(729) =
and by integration =L (41),

where £ is the constant of integration. Thus (41) is the mathe-
matical expression of Kepler’s second law which we considerec
previously in section 58.

The equation of the path of the planet around the sun can now
be derived from (40) and (41); it is, of course, a relation betweer
r and 6. The process consists in eliminating the time ¢ from (40
by means of (41); in these equations the time occurs only in the
differential coeflicients. We shall write for convenience

1

=— e 42
u=2 (42),

so that, by (41), 6=nhur (43).
dr 1 du 1du do

Now =@ uw—“mmy @
Hence, by (43), F=— h 30
Again, f= % (F)= 7 (r) Zf
== ’“‘zgf)(" Z'Z)’

so that = — htu? g%g ...... (44).
Also, using (43), 6% = R L (45).
Hence (40) becomes, by means of (44) and (45),

— h2u? Ciwl—t — hPud = — pu?,
or ‘2292 +u= ;’; ...... (46).

The general solution of (46) is given by
= ]_; [1+ecos(§ —w)]  aoeees (47),
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in which ¢ and w are the two essential constants of integration,
or by (42
y (42 po P L (48).

14 ecos (6 — w)
This last equation is identical with (2)—the equation of an
ellipse—if p = h%/u, that is, making use of (3), if

A= pa (I—-€% ... (49),

which is equation (14) previously considered. The constant of
integration e is seen to be identified with the eccentricity.

It is to be remarked that (48) is the general equation of a conic
section which may be

(i) an ellipse,ife<1,

(ii) a parabola, if e =1,

(iii) a hyperbola, if e > 1.
Although case (i) is that with which we are closely concerned
here, the extension of the possibilities concerning the motion of
a body under the gravitational attraction of the sun should be
noted.

The equation (41) is simply the mathematical expression of
Kepler’s second law. Also, by defining the mean angular motion
n as in (7), we are led—using (5), (7) and (49)—to the formula

niad=p =G (M+ m)
already mentioned. Thus from the single law of gravitation we
have derived the mathematical equivalents of Kepler’s three
laws.

65. Velocity of a planet in its orbit.

Let V denote the velocity of the planet at the point P in its
orbit (Fig. 47). V will be directed along the tangent PT. The
components of ¥ are (i) 7 along the radius vector in the dircction
PR, and (ii) r6 along PL at right angles to the radius vector.
We thus have

Ve=vg24 262 ... (50).
Now f=—h Z——g R
du I

and from (47) —esin (0 — w),

e~ " Rt

so that r'-——%esin @—-w)y (51).
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Also, since 720 = }, we have
- _ M
0 = hu—ﬁ [T+ ecos (—w)] ... (52).
Hence, squaring (51) and (52), we have from (50)
2
Vi= % [1+ 2ecos (0 — w) + e?],
which can be written

2
V2= %[2-}- 2ecos (0 — w) — (1— e?)],

. 2
or, using (47), V2= 2uu — 5—2 (1— e2).

Fig. 47.
But from (49) h? = pa (1— e2).
Hence we obtain, writing 1/r for u,
2 1
2 . -
V “<r a) e (33).

This formula gives the velocity V as a function of the radius
vector r.

It is seen from (53) that V is greatest when r is least, that is,
when the planet is in perihelion. Then r = a (1— ¢), and if V,
denotes the velocity at perihelion we have

pet l1+e
! 7 e 1—e
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Similarly, the velocity is a minimum when r is a maximum, that
is, when the planet is in aphelion. If V, denotes the velocity at
aphelion, we obtain

—

e="t. _;;‘5 ...... (53).

From (564) and (55), ViVy= Z’.

[
®

Thus the product of the linear velocities at perihelion and
aphelion is independent of the eccentricity of the orbit.

66. Components of the linear velocity perpendicular to the radius
vector and to the major axis.

We now derive a theorem which will be used later in the
investigation of certain problems. In Fig. 47 let PR represent
the velocity 7. Draw P@ perpendicular to the major axis 4B
and draw E@ perpendicular to PR. Then the velocity 7 is
equivalent to (i) a velocity along PQ and represented in magni-

tude by P@Q, and (ii) a velocity parallel to QR and represented
in magnitude by @¢R. Now PS4 =0— w and by the con-
struction, PQR = 0 — w. Hence PQ = PR cosec {(# — w) and

@R = PRcot (0 — w). We thus find that the velocity # is

equivalent to (i) #cosec (f — w) along PQ,

(ii) #cot (6 — w) parallel to QR.
Now the velocity V is equivalent to # along PR and rf along
PL, PL being perpendicular to SP. Hence V is equivalent to
(i) #cosec (8 — w) along PQ, that is, perpendicular to the
major axis,
and (ii) 70 — 7 cot (§ — w) along PL, that is, perpendicular to
the radius vector.
From (51), we obtain for (i),
#cosec (0 — w) = e}? ...... (56),
and, similarly, from (51) and (52) for (ii),
rd — 7 cot (8 — w) =%

Hence (57) and (56) express the result that the velocity V of a
planet at any point of its orbit can be resolved into a constant
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Veloc%ty ©/h perpendicular to the radius vector and a constant
velocity ep/h perpendicular to the major axis.

67. The true and eccentric anomalies.

Theoretically, Kepler’s second law enables us to calculate the
position of a planet in its orbit at any time provided we know
the semi-major axis a, the eccentricity e, the time = at which the
planet passed through perihelion and the orbital period 7'. In
Fig. 48 let P be the position of the planet at time z. In the

Fig. 48.

interval (t — 7) the radius vector moving from S4 to SP sweeps
out the shaded area SPA. Now by the second law

Area SPA : Area of ellipse =t — 7: T,

that is, Area SPA = "_ab_(qi —7) ,

or, introducing the mean angular motion n (n = 2#/T), we can
write Area SPA=3nab(t—7) ... (58),

in which b is given by b2 = a? (1— e2). Thus, at a given instant ¢,
the right-hand side of (58) can be calculated when a, ¢, r and n
are known. Hence the area SPA is found and the position of
the planet in its orbit determined.

However simple this method appears theoretically, in practice



112 PLANETARY MOTIONS

it is inconvenient and we shall now derive the formulae generally
applied for determining the position of a planet in its orbit.
Let the radius vector SP make the angle v with S84 ; v is called
the true anomaly and it is clearly related to 8 and w by the for-
mula v=b0—w . (59).

Let a circle be described on the major axis 4B as diameter; its
radius is thus a. Let RP, the perpendicular from P to 4B, be
produced to meet this circle at €. Then the angle QCA4 is called
the eccentric anomaly which we denote by E.

By a well-known property of the ellipse

PR:QR=b:a ... (60),

where b is the semi-minor axis CD.
Now PR=rsinv and QR = C{sin £ = asin F. Hence,
from (60), rsinv=>bsinE ... (61):
Again, SR=rcosv. Also SR=CR — CS =acos E — ae.
Hence rcosv=afcos B —e) ... (62).

Square (61) and (62) and add. Then, putting b = a? (1~ €?), we
obtain, after a little reduction,

r=a(l—ecos E) eeess.(63).
Again, 2r sinzg =r{l— cos v)

=ga(l—ecosF)—a(cosE — e),
applying (63) and (62); hence

2rsin212)=a(l+ e){(l—cosE) ... (64).
Similarly, 2r cos? 12) =aq(l—e)(l+cosl) ... (65).

Divide (64) by (65). Then
v l1+e 1l—cosl

2. o= 2T PPR
tan 2 1—e 1+ cosk’
. v [l+ed E
from which tan ; = (1—_—6) tang e (66).

Thus, by means of (63) and (66), we can express the radius
vector r and the true anomaly v in terms of the eccentric



PLANETARY MOTIONS 113

anomaly . We now derive Kepler’s equation by means of which
the eccentric anomaly E can be expressed in terms of known
quantities. The eccentric anomaly thus entersinto our theoretical
discussion as an intermediary angle.

68. Kepler’s equation.

From our definition of the mean angular motion n we see that
the product = (¢ — 7), which occurs in formula (58), represents
the angle described in an interval (t — 7) by a radius vector
rotating about § with constant angular velocity n. We define
n (¢ — 7) as the mean anomaly, which we denote by M, so that

M=nit-+) ... (67).
Hence, from (58), the arca SPA in ¥ig. 48 is given by
Area SPA = {abM ... (68).

We now express this area in terms of the eccentric anomaly E.

The shaded area SP4 is equal to the area of the triangle PSE
to